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PREFACE. 



The following little work is intended to have a twofold 
object — both to explain and illustrate the use and application 
of logarithms for the practical calculator, and to set forth and 
demonstrate their nature and properties for the Mathematical 
student. While, therefore, the Theoretical and Practical 
parts have been kept distinct, so that either might be sepa- 
rately studied or referred to, they have been so written with 
reference to each other, as to form but one connected treatise, 
which the student, who really wishes to become thoroughly 
acquainted with the, subject, should entirely peruse. For, 
although a knowledge of their mathematical properties is not 
essential to a knowledge of their use, yet they are so inti- 
mately comiected, that the acquirement of one greatly facili- 
tates the acquirement of the other* » 

H. L. 

Old Whtdsob, dth July, 1850. 
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CHAPTER I. 
Explanation and Definitions of Logarithms. 

The word Logarithm is derived from two Greek words [\oyoq, 

ratio, and «g»V<>$, number), and signifies the ratios of num- 

b$rt t 

i By the rath of two numbers, or the 'proportion which one 

I number bears to the other (the two terms being synonymous), 

; is meant the magnitude of the quotient arising from the divi- 

i sion of one number by the other. Thus, the ratio of 2 to 6 

• 2 

[ is expressed by -, and any other two numbers would be said 

6 
| to have the same ratio when the quotient arising from the 

> division of one by the other was the same ; so, — being equal- 

i g • 

to-, 4 : is • said to have the same ratio to 12 that 2 has to 6. 
6 

This is f requently written — 

4 : 12 : : 2 : 6 

and is read, as 4 is to 12 so is 2 to 6; it signifies nothing 

more than that the ratio of the two first numbers is the same 

4 2 
a& that of the two last, or that — = -. 

12 6 
A series of numbers is said to be in continued proportion 
when the ratio between each two consecutive numbers is the 
same, thus — 

2, 6, 18, 54, 162, 

B 



3 RUDIMENTARY TREATISE 

are in continued proportion, because the ratios of 2 to 6, 6 to 

18, 18 to 54, and 54 to 162, or _, — , _ , — , are all 

6 18 54 162 

equal. Now, the ratio of 2 to 18 is made up of the ratio of 

2 to 6 and 6 to 18 ; but as these are equal, it is twice the 

ratio of 2 to 6; so, in like manner, the ratio of 2 to 54 is 

three times the ratio of 2 to 6; and the ratio of 2 to 162 is 

four times that of 2 to 6. 

In order to examine some of the properties of a series of 

numbers in continued proportion, let us take the following, 

which is a more extensive series than the preceding : — 

1, 2, 4, 8, 16, 32, 64, 128, 256, 512, 1024, 2048 ... (A), 
0, 1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11 . . . (B), 

and let us place under each term in this series a number ex- 
pressing how many times the ratio of 1 to 2 is contained in 
the ratio of 1 to that term ; we see at once that under 1 we 
must place 0, and under 2 we must place 1 ; also, since the 
ratio of 1 to 4 is twice that of 1 to 2, under 4 we must place 
2, and since the ratio of 1 to 8 is three times that of 1 to 2, 
under 8 we must place 3 ; and, proceeding in a similar man- 
ner, we shall obtain the numbers in the second line above. 
Now, the numbers which we have thus placed under the terms 
of the proportion are logarithms of those terms, and are so 
called because they express the number of ratios of unity to the 
first term contained in the ratio of unity to the term under 
which they are placed. 

The numbers composing a series in continued proportion, 
similar to the above, will, on examination, be found to be de- 
rived from each other by the continual multiplication of the 
previous term by some constant number ; thus, in the first 
series, 6 is derived from 2 by being multiplied by 3, and in 
like manner 18 is obtained from 6, and 54 from 18 ; so in 
the second series, the constant multiplier is 2, each term being 
derived from the preceding by multiplication by that num- 
ber. A series of numbers thus obtained by the continual 
multiplication of its terms by a constant number is called a 
geometrical series ; such is the series (A) above ; while a series 
in which the terms are derived by the continual addition of a 
constant number is termed an arithmetical series, an example 
of which is afforded by the series (B) above. 

Now, whatever the number may be by the continual mul- 
tiplication of which the geometrical series is formed, if the 
series commences with unitv, and under it is written the 
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arithmetical series formed by the continued addition of unity, 
commencing with the cypher, then will the numbers in the 
lower line express the number of ratios of unity to the first 
term, of which the ratio of unity to all the other terms is 
made up, and therefore they will be the logarithms of the 
numbers in the line above them. For example : — 

1 S 9 Q7 81 24 S I axe *k e wwwfo™ forming a geometrical 

> > » » » |^ series; 

Of Which 0, 1, 2, 3, 4, SJ" 6 ! h . e ^garUhms forming an.art^ 

> » » » » L metical series. 

So 1 7 49 343 2401 / are ^ e »tt*»oer,j forming a geometrical 
9 ' ' ' * \ series; 

of which 0, 1, 2, 3, 4«[ are th . e ** a r ft *" M formin * an arith - 

7 7 ' ' L metical series. 

And again, 1, 10, 100, 1000, 10000 { "* trfrS" w!"""'" 8 * 
Of which 0,1, 2, 3, 4 /are deform, forming an 

Now, from the very nature of a geometrical series, it fol- 
lows, that its terms are all powers of the constant number by 
the multiplication of which they are produced, and therefore, 
in place of writing the numbers themselves, we might intro- 
duce the expression denoting the power, without actually per- 
forming the multiplication, and we should thus obtain for the 
three geometrical series above, writing them vertically instead 
of in horizontal lines*, 



Nob. Logs. 


Nos. Logs. 


Nos. Logs. 


1 = 3° 


1 = 7° 


1 = 10 ° 


3 = 3 * 


7 = 7 1 


10 = 10 l 


9 = 3 2 


49 = 7 2 


100 = 10 * 


27 = 3 3 


343 — 7 8 


1000 = 10 8 


81 = 3 4 


2401 = 7 4 


10000 = 10 4 


243 = 3 5 







In these we perceive immediately that the numbers denot- 
ing the powers, or, as they are termed, the indices or exponents 
of the powers, are the same as the arithmetical series given 
above, and that they are therefore the logarithms of the num- 
bers in the first columns. The constant number, of which 
the powers are successively taken, is termed the root or radix, 
and may have any value that we please assigned to it. Thus, 
we derive another definition of a logarithm, which may be de- 

* It mast be borne in mind that a = 1, and a 1 = a, whatever the value 
of a may be. 

B 2 



4 RUDIMENTARY TREATISE 

scribed as the index or exponent, to which a certain root or base 
must be involved, in order to be equal to the number of which it 
is the logarithm. It is, therefore, evident that a given num- 
ber may have any number of logarithms corresponding with 
it ; or that the same logarithm may serve for several different 
numbers, according to the value assumed for the base or root 
to be involved, or what is the same thing, the common ratio 
of the geometrical progression*. Thus, in the examples 
above, the bases or common ratios are 8, 7, and 10. 

We have, therefore, three distinctly different definitions, 
which may be given of logarithms, depending upon the par- 
ticular way in which they are regarded,, and we shall recapitu- 
late these definitions, before proceeding farther, in order to 
insure their being thoroughly understood.' 

1 . The logarithm of a given number is the number of ratios 
of some assumed constant number to unity, contained in the *'. 
ratio of the given number to unity. 

2. Logarithms are a series of numbers in arithmetical pro- 
gression, answering to another series of numbers in geometri- 
cal progression; so taken that in the first corresponds, with 
1 in the latter. 

3. The logarithm of a number is the index or exponent of : 
the power, to which a given constant base or root must be in- \ 
volved, to be equal to that number. 

Whichever of these definitions may be adopted, the same t 
general properties may be deduced as belonging to logarithms m K 
we shall, however, in the following pages, consider them 
under the notion involved in the third definition, as the ex- 
ponents of the powers of some constant root. And, in order 
to a more perfect conception of the subject, we shall first con- 
sider the properties of the exponents of powers generally. 



CHAPTEE II. 
On the Exponents of Powers. 



In algebra, the powers of a quantity, or the number of times 
that that quantity has been employed as a factor to produce 
a given quantity, are denoted by that number being written 

• See page 13, 
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somewhat to the right and above the number or letter ex- 
pressing the original quantity or root of the power. Thus, 
the square of 6 is written 6 2 ; the cube of x y x z ; and the fifth 
power of 12, 12*. In the first example, as 6 enters twice as 
a factor, it is called the second power, and is denoted by 2 
written over the 6 ; in the second example, as x enters three 
times as a factor, it is called the third power, and is denoted 
"by a 3 written'above the x; and in the last example, as 12 
enters five times as a factor, it is termed the fifth power, and 
is written 12\ The number thus placed over a number, to 
denote the power to which it is required to be raised, is 
termed the index or exponent of that power; as the former of 
these terms is sometimes employed in a different sense, to 
avoid ambiguity we shall tise only the last. Thus, in the 
foregoing examples, 2, 3, and '5 are the exponents of the 
powers, to which the quantities 6, x, and 12 are to be re- 
spectively raised or involved. 

Frequently letters are employed instead of numbers as ex- 
ponents of powers ; thus, of denotes that the quantity repre- 
sented by a: is to be raised to the power represented by a ; 
and 6", that the "quantity b is to be raised to the power of n, 
or the nth power. The quantities, as x or b % in the foregoing 
examples, which have to be involved, or the powers of which 
are to be taken, are termed the roots or bases. 

When it is desired to multiply any two powers of a quan- 
tity, a very little consideration will show that their product 
will be equal to a power of that same quantity, whose exponent 
is the sum of the two exponents of the powers to be multi- 
plied. For, let us suppose the powers to be multiplied to be 
x* and x\ then x'* = x.x.x, and x 1 =x.x, therefore, ar* x x 2 
'= x.'x. x.x. x '== x\ the exponent of which 5 is equal to 
$ + % the sum of the exponents of the two factors. And the 
converse of this rule holds good, for if it is required to divide 
a power of a given quantity by any other power of the same 
'Quantity, it is only necessary to subtract the exponent of the 
'divisor from the exponent of the dividend to obtain the ex- 
ponent of their quotient. Thus, let it be required to divide 

x* by x\ we have x 9 -j- x 1 = — - — - — - — - — — ~x.x.x.x=zx\ 

x. x 

the exponent of which is equal to 6 — 2. 

Let us next examine the value of the power of a power; for 
instance, the square of x\ In this case, we see at once that the 
square of x* is nothing more than a 3 multiplied by itself, and by 
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our former rule for the multiplication of powers, we have ar* x 
x* = x 6 ; if we had required the cube of x\ it would have been 
* 3 . a? . iP = ar 9 , and for every higher power of x* we must add 
another 3 to the exponent ; it is therefore obvious, that as the 
exponent of the original power has to be taken as many times 
as the exponent of the power to which it has to be raised, that 
the new exponent will be equal to the product of the other 
two ; thus, in the above examples, 3x2 = 6, therefore (jp 3 ) 3 
= x 6 , and 3x3 = 9, therefore (a 3 ) 3 = x*. The converse of 
this rule also holds good, for if it is required to extract any root 
of a power, we have only to divide the exponent of the power 
by the exponent of the root, to obtain the exponent desired. 
Thus the square root of x x is x 2 , because 4 -t- 2 = 2 ; and the 
square root of of* is aP, because 6-1-2 = 8. 

The four processes which we have here described are those 
which are of the most frequent occurrence, and as it is essen- 
tial that they should be perfectly comprehended before enter- 
ing on the use of logarithms, we shall recapitulate them in the 
form of rules. 

1. The multiplication of the powers of any quantity is per- 
formed by the addition of their exponents ; that is, x* x #"• 

2. The division of the power of a quantity by any other 
power of the same quantity, is performed by subtracting the 
expouent of the divisor from the exponent of the dividend; 
that is, a" -r- a? m = x (n ~ m \ 

3. The involution of any power of a quantity to some power 
is performed by multiplying its exponent by the exponent of 
the power to which it is to be raised ; that is, the nth power 
of a?"* is x n - m . 

4. The extraction of the root of any power is performed by 
dividing its exponent by the exponent of the root required; 

m 

that is, the nth root of # m is x n . 

In the last example we have an exponent differing from 
any which we have previously met with, namely, a fractional 
exponent ; its use, however, in that example sufficiently ex- 
plains its meaning, which is, that the quantity to which it is 
attached is to be raised to the power denoted by the nume- 
rator of the fraction, and is then to have the root extracted, 
which is denoted by the denominator of the same; or, the 
processes may be reversed, and the root first extracted, 
and then the power raised, since the order in which these 
operations are performed makes no difference in the final re- 
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eult. -For example, let x above equal 4, ro equal 8, and n 



m 



equal 2 ; then x n = 4*", and if we take the cube of 4, which 
equals 64, and extract its square root, we obtain 8 ; or, if we 
first extract its square root we obtain 2, the cube of which is 
also equal to 8. And therefore we perceive that the final 
result is the same, whichever process is first performed. 

In the example to the second rule, namely, «° , ~"° = » r ; 
if m is less than n, then the exponent r is a positive number, 
and x r is termed a direct power of x ; if, however, m exceeds 
w, then will r be a negative number, and in this case x~ r is 
termed an inverse power of x. In order to arrive at a correct 
idea of the value of an inverse power, we will take a direct 
power, and successively divide by its root, or subtract unity 
from its exponent, until we obtain a negative value; thus, let 
us start with x\ then — 



x 









x* 










X*' 


-1 




X 

X 2 




X* 






x n " 


-I 


— 


X 


— 


X 1 


— 


X 


*'- 


-1 


= 


x } 

X 

of 


= 


x° 

1 


= 


] 


x°- 


-1 




X 

1 




X 




X" 1 

1 


— 1 - 


-1 


3=1 


X 


• 
• 


X 


s> 


X 1 



i—8 



X 1 X* 



or, m more general terms, «"* = —;; that is to say, the in- 



x n 



verse power of any number is equal to unity divided by the 
direct power with an equal exponent. 

This last rule holds equally, when the exponent of the in- 
verse power is a fraction, as it does when an integer ; thus, 

x n is. equal to unity divided by the nth root of #, or to— • 

x~» 
We have then four different forms in which an exponent 
may be presented. 

1. The positive integral exponent, as x*, which denotes the 
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direct nth power of a?, and is equal to the product arising from 
the multiplication of n factors, each equal to x. 

2. The negative integral exponent, a*s x~ n , which denotes 
the inverse nth power of x, and is equal to unity divided n 
times by x. 

1 

3. The positive fractional exponent, as #«, which denotes 

the direct nth root of a?, and is equal to a quantity which, being 
multiplied n times by itself, shall be equal to x. 

4. The negative fractional exponent, as a?~"^, which denotes 
the inverse nth root of a, and is equal to unity divided by the 
direct nth root of x. 



CHAPTER III. 
Of various Systems of Logarithms. 

We next proceed with the consideration of logarithms, 
under the view suggested in the third definition given of them 
in the first chapter, as the exponents of the powers of some 
constant number, taken as a base for the system. It was 
there stated that any value might be assumed for this base ; 
two only have, however, been employed, namely, 27182818 
and 10. The first was that adopted by Baron Napier, the 
inventor of logarithms, and was employed by him in the first 
system of logarithms, which was calculated by Briggs. The 
reason why such an intricate number was adopted, and not 
some simple integer, will be presently explained ; it may be 
sufficient at present to state, that the system having this 
number for its base, being capable of being expressed more 
simply, and calculated more easily, than any other, was the 
reason of its adoption ; from which circumstance, they have 
also been occasionally designated the natural system of loga- 
; rithms ; they are, however, more frequently termed Napierean 
' or Hyperbolic logarithms. The latter term, derived from cer- 
« tain relations, found to exist between the logarithms of this 
system and the asymptotic spaces of the hyperbola, and which 
were believed to be peculiar to it, is very properly falling 
into disuse, since it is now known that the same 'property 
belongs to every system, the only difference being in the angle 
included between the asymptotes, which depends upon and 
varies with the value of the base ; for in the system of which 
we are now speaking, in which the base equals 2*7182818, the 
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*sytnptotes are at right angles to each other ; in the other 
System, having 1 for its hase, they make an angle of 25°*7404. 

It was soon perceived by Briggs, who had calculated the 
'first table of Napierean logarithms, that several important 
advantages were possessed by a system of logarithms whose 
base was 10; he consequently proposed it to Baron Napier, by 
Vhom it was adopted, and it is now universally employed for 
the purposes of calculation ; although the Napierean loga- 
rithms are always employed in the Differential and Integral 
Calculus, and the other higher branches of analysis. 

The logarithms of any particular system are immediately 
reduced to those of any other system, by merely being multi- 
plied by a constant number, whose value depends on the re- 
lative values of the bases of the two systems. Thus, the 
logarithms belonging to the common, or as it is sometimes 
termed Briggean, system, whose base is 10, are converted 
into the Napierean, whose base is 2*71828, by being multi- 
plied by 2*3025851, while the Napierean are reduced to the 
Briggean by being divided by the same number, or, what is 
the same thing, being multiplied by its reciprocal 0*4342945. 
We shall not stop here to prove this, or to explain its reason, 
as it would involve considerations with which the student is 
supposed at present not to be acquainted ; its demonstration 
will be given in a subsequent chapter*. 

We shall now proceed to explain why the base of the 
system was altered from 2*71828 to 10, and to point out the 
advantages thereby attained. 

In the tables below we have given the numbers whose 
logarithms are the first six integers in both systems, the 
left-hand table being taken to the Napierean base, and the 
right-hand to the base of 10. 

Nos. Base. Logs. Nos. Base. Logs. 

J 00 = 2*71828 • 1 = 10 ° 

2*72 = 2*71828 1 10 = 10 » 

7-39 = 2*71828 2 100 = 10 a 

20-09 = 2*71828 8 1000 =; 10 3 

54 60 = 271828 4 10000 = 10 4 

148-41 = 2*71828 5 100000 = 10 • 

403-43 == 2*71828 • 1000000 = 10 • 

By reference to the right-hand table it will be seen that 
the common logarithm of 1 is 0, that of 10 is 1, and of 100 is 

• See page 22. 
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2 ; it is requisite, however, for the purposes of general compu- 
tation that we should know the logarithms of all the inter- 
mediate numbers included between these, as from 1 to 10, 
from 10 to 100, and so on. Now, since the logarithm of 1 
is 0, and of 10 is 1, it follows that the logarithms of any in- 
termediate numbers, greater than 1, but less than 10, must 
be some fraction, whose value lies between and 1 ; and in 
like manner that, since the logarithm of 100 is 2, the loga- 
rithm of any intermediate number between 10 and 100, must 
have a value between 1 and 2. .Interpolating, therefore, these 
fractional values of the logarithms of the intermediate num- 
bers, we obtain the following series : — 



Nos. Logs. 


Nos. 


Logs. 


1 = 10 ' 00000 


11 = 10 ] 


1-04139 


g = If) 0-30103 


12 = 10 ] 


107918 


3 _- IQ 0-47712 


13 = 10 ] 


1-11394 


4 = 10 °*602«6 


14 = 10 ] 


[•14613 


5 = 10 0-69897. 


15 = 10 ] 


1*17609 


6 = 10 °'77»W 


16 = 10 ] 


1-20412 


ijr __ IQ 0-84510 


17 = 10 ] 


I -23045 


g -__ 10 0*90309 


18 = 10 ] 


1-25527 


9 = 10 o* 95424 


19 = 10 i 


1*27875 


10 = 10 l,00O0 ° 


20 = 1 
<fce. &c. 


1-30103 



All numbers which are powers of 1 0, necessarily have in- 
tegers for their logarithms, but the logarithms of all the inter- 
mediate numbers are compounded of an integer and a decimal 
fraction. The decimal portion is termed the mantissa, and 
the integer, which precedes it, is called the index, or charac- 
teristic; as, however, the former of these terms is frequently 
employed in a different sense, we shall here only use the 
latter. 

In the foregoing Table, if we compare the logarithm of 2 
with that of 20, we shall find that they only differ in the 
characteristic, the mantissa or decimal portion being identical 
in both ; the reason of this will be very evident, if we con- 
sider that 20 is 2 multiplied by 10, and therefore that the 
logarithm of 20 is equal to the logarithm of 2, with that of 10 
added to it, and, as the logarithm of 10 is an integral number, 
its addition only affects the value of the characteristic. In 
fact, the addition of I to the characteristic is multiplying the 
number which it represents by 10; in like manner, adding 2 
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'to the characteristic, is multiplying the number by 100, and 
so on. Thus the logarithm 

Of 2 is 030103; 
Of 2 x 10= 20 is 030103 + 1 =1-30103; 
Of2x 100= 300 is 30103 + 2 = 230103; 
Of 2 x 1000 = 2000 is 030 103 + 3 = 3 30103. 

The mantissa, or the decimal portion of the logarithm, is 
always the same with the same figures, whether they are deci- 
mals or integers ; it is only the characteristic which changes 
its value, with a change in the position of the decimal point. 
The value of the characteristic of the logarithm of a number 
is always one less than the number of integers in that num- 
ber ; thus, in the above example, when the number is 20 the 
characteristic is 1, when 200 it is 2, and when 2000 it is 3. 

The characteristic, therefore, of the logarithms of all 
numbers 

Equal to, or greater than 1, but less than 10, is 1, 

10, „ 100, „ 2, 
100, „ 1000, „ 3, 
1000, „ 10000, „ 4, 
&c. &c. &c. 

By way of further illustration, we will take the number 
67854, and successively divide it by 10, examining the change 
thus produced in the value of the corresponding logarithms : 



Nos. 


Logs. 




67854 . . . . 


= 4-831576 




6785-4 *. . . 


= 3-831576 




678-54 . . . 


= 2-831576 




67-854 . . . 


= 1-831576 




6-7854 . . 


. =0-831576 




•67854 . 


. =0831576- 


1 


067854 . 


. =0-881576- 


2 


•0067854 


. = 0-881576 - 


3 



. We here perceive, as we have already stated, that, the 
figures remaining unaltered, no change takes place in the 
-mantissa of the logarithm, but that as the number is succes- 
sively divided by 10, the value of the characteristic is 
diminished by unity. We see further that, when the num- 
ber is wholly a decimal fraction, the characteristic of its loga- 
rithm is negative} when the first figure after the decimal 
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point is a significant figure*, the characteristic of ite loga- 
rithm is — 1, when a nought is interposed after the decimal 
point, so that the first significant figure is the second decimal 
figure, the characteristic is — 2, with two noughts it is — 3, 
and generally, the characteristic of the logarithm of a deci- 
mal fraction is a negative numher, greater by unity than the 
number of noughts following the decimal point. Instead of 
writing, as we have above, 0'831576 — 8, the characteristic is 
placed to the left of the mantissa, with the negative sign 

above it, thus 3-831576. The negative sign is placed above, 
instead of before the characteristic, to denote that it is only 
the characteristic and not the mantissa that is negative. 
Thus, the characteristic of the logarithm of 

•1 is 1, 

•01 ,,2, 

•001 „ 3, 

•0001 „4, 

&c. &c. 

Since the characteristic of the logarithm of any number 
does not depend upon the value of the figures composing that 
uumber, and is so easily found by attention to the foregoing 
rules, it is usual to omit them altogether in the tables of 
logarithms, and only to give the mantissa or decimal portion* 

It is only logarithms having 10 for their base which pos- 
sess this important property, of having the same mantissa for 
the same figures, and this was the reason of that number 
being proposed by Briggs for the base of the common system 
of logarithms. 



CHAPTER IV. 



Mode of calculating Logarithms, and Demonstration of their 

Properties. 

In the following • Chapter the expressions, or formulae em- 
ployed for the calculation of logarithms, are mathematically 
deduced, and demonstrations are given of all the properties of 
logarithms referred to in any other portion of the work. By 
those not familiar with mathematical investigation, the present 

* AH the aumerals are significant figures, with the exception of the cypher. ( 
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^bftftie* may he omitted, as it is in nowise necessary to 'the 
proper understanding of the remainder of the work ; the sub* 
ject would, however, have been hardly complete without it, 
and it was considered that a rigid demonstration would be far 
more satisfactory to those by whom it could be followed, than 
a mere enunciation of the several propositions without any 
proof ; and that, the reason of the several propositions and 
rules being understood, they would become much more firmly 
fixed in the memory, and their practical application and 
adaptation to peculiar cases rendered far more easy. 

Definitions. 

1. The Power of a number or quantity, is the product aris<- 
ing from the multiplication of that number, any number of 
times by itself. 

£, The Root of base of a power, is the number of quantity, 
fey the continual multiplication of which by itself, that power 
is produced. 

3. The" E&p&nent, or index of a power, is the number of 
times that the root of that power enters into it, as a factor. 

4. The Exponent, or index of a root, is the number of times 
that it must be employed as a factor, to produce a given 
power. , 

5. A Logarithm of a number, to any base, is the index or 
exponent of the power to which that base must be involved, 
to be equal to the number. 

6. A System of Logarithms, is the collection of the loga- 
rithms of a series of numbers, taken to the same base. 

Scholium. The logarithm of any number, as x, to any 
base b, is expressed by log 6 a ; in like manner, the logaiithih 
of the same number, to any other base, as *, is written log* & 

7. A series of numbers is in Arithmetical Protyrcssi&n, 
when each number is derived from that Which precedes it, 
by the addition of a constant number. 

Scholium. Such a series is called an Arithmetical SeWk, 
and any one of the numbers composing it, a term. 

8. The Common Difference* is the constant number^ by the 
continual addition of which, an arithmetical series is formed. 

f 9. A series of numbers is in Geometrical Progression, when 
each number is derived from that which precedes it, by the^ 
multiplication by a constant number. 

Scholium. Such a series is called a Geometrical Series, 
10. The Common Ratio, is the constant number, by the 
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continual multiplication by which, a geometrical series is 
formed. 

Scholium. In investigations similar to the following, the 
. term coefficient is employed in a somewhat extended signifi- 
cation, to mean any quantity or expression (however compli- 
cated) by which the quantity, more immediately under con- 
sideration, is multiplied. 

Thus, in the expression, 

f(f-0 . T(f-'Hf-«) . 

2 * + 2.8 *• - 
the quantities — f — — 1 J and - f 1 J • ( 2 ] 

2 2^3 . 

are looked upon as the coefficients of z* and a? respectively. 

11. The Characteristic of a Logarithm, is the integral 
number, to the left of the decimal point. 

12. The Mantissa of a Logarithm, is the decimal number, 
to the right of the decimal point. 

13. A Significant Figure is every figure but a cypher; the 
cypher signifying no actual quantity, but being employed 
only to determine the place of the other figures. 

Proposition A. 

Theorem. In an equation of the form 

A + Bj? + Ca? 2 + Da? 1 + + &c. = 

a -f bx + cx l + dx^ + + &c« 

the coefficient of any power of x on one side of the equation, is 
equal to the coefficient of ike like power of x on the other sides 
that is, A = a, B = b> C = c, &c. 

Because, in the above expression, the values of the coeffi- 
cients are perfectly independent of the value of &, therefore, 
we may assume x to have any value we please, without de- 
stroying the equation. 

Let, therefore, x = 0, the equation then becomes 

A = a. 

Now, since A and a are equal, we may remove them from 
the original equation, which then becomes 

B x -y C x 2 + D ar* -j- ... + Ac, *= 
bx + ex 2 -f dx* -f ... + Ac 
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Dividing both sides by x, we obtain 

B + Cx + Dar+ ... + &c. = 
b -{- ex + dx 2 + ... + &c. 

And again, assuming x = 0, we have 

B = &. 

And in like manner, it may be shown that C = c, D = d, 
.Ac. 

Scholium. 1. The above Theorem i3 true, whatever signs 
the terms of the equation may. be affected with, provided only, 
that the terms involving like powers of w, on the opposite 
6ides, are affected with like signs. Thus, it is true if 

A — B x + C a? — D a* + ... -r &c. = 

a — bx ■+• car — dx* + ... — &c. 
or if, 

— A + B x — C x 2 + D x 3 — ... -f &c. = 

— a 4- bx — c x l •+- dx* — ... + &c. 

2. This Theorem also holds good when more complicated 
f auctions of x take the place of x, x'\ x\ &c., provided orily, 
that the same functions occur in the same order on opposite 
sides ; as for example, if 

A + B*+ Cr + Dxy -f Ey 2 + Fx l + ... + &e. = 
a-f &#-f-car ! H-d.rt/ + £t/ 3 + fx* ■+» ... -f- &c. 

Proposition B. 

Problem. To expand b x in terms ofh. 

For b, substitute (1 + y). then b = (1 -f y) x ; expanding 
this expression by the Binomial Theorem*, it becomes 

x (x-l).(x^.(x-3) + 

Si.o.4 

= i + *y + —5- y 2 + - — q73 *'•+ 

x«_6x 3 + llx 2 -6x 4 , , # 

V + + &c. 

2.3.4 ,T 

* For a demonstration of. the Binomial The< rem, see the " Elements of 
Algebra," p. 148, by Mr. Haddon. 
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/ x 4 6x" 11 x* 6x\, , . . , 

V-2l""2T + -a4 — or)* + + ftc - 

Arranging this last expression according to the powers ~6f 
x, we have 

Or, if we put 

A — \ y ~ 2 y ' + 8 y ' - I y4 + ..» — *o.| 

we have 

6* =1 + AX + Bx 2 + Cx 3 + ... + & £l.] 

Now, fh order to obtain the values of the cdefecients B, C, 
&c, in terms of A, let us put z for A x + B x 2 -J- C x 3 + Ac., 
then the above expression becomes 

Extracting <he root on both sffiesy we hate, 

! 

and raising them to the' power of r, it becomes 

r 
b r =(\ -J-*)*' 
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dBiqwailiagrbyt the Binomial Theorem, rte Bat© 

T x ^ 9 T 8.8 T 

«Xi * + + fa ' 

Substituting, in this expression, AX-f-BX 2 + CA 8 + Ac., 
for z, it becomes 

• #*= 1 + -(AX +-B-X* + OX 3 -HAw) 4- 

A 

-^- 1 (ax + bx* + cx» + Ao.)» + 

— '-—■ — (A x + B x* +>CX 8 + A»:y + ... + Ac. 

■^ 1 + r (A 4- BX + CX 3 + Ac.) + 

' r(r ~ X) (A + B X + CX* + &c.f + 

r(r-*).(r-2\) + B X + OX» + *>.)•+ ... + Ac 

If now we assume x = 0, this expression becomes 

A 2 r 2 .A 3 V 

■jTts-l + AT 4- _ + — + ... + ft). 

Which expression, being perfectly general, is true whatever 
value is assigned to r ; we may therefore substitute X for r, 
whence we obtain 

l x =l+AX + yX ! + ^X' + ...+4c [S.] 

The value of A is already known in terms of y, but as 6 = 
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1 + y, therefore y = b — 1, and if we substitute this value forj 
y, we have 



A = {(6_l)-i(5_i)* + 



1 .. ... 1 



g (6- 1)'- j (i - 1)* + - Ac.}...... [3.] 

Proposition C. 
Problem. From the equation 

6* = n = l+AX + 4-X* + ^lx 3 + + &c ' 

* to determine the value of x, in terms qfb and n. 

If, in the equation n = b x , both sides are raised to the 

power of x, it becomes n T =& Xx ; then expanding n* in terms 
of x, we obtain (Prop. B, [2] ) 

n* = l+A l m + ^f + -±Lf + + &c. 

in which (Prop. B, [3]) 

A 1 ={(n-l)-^(7i~l)»-hl(n-l) 3 ^ + &c.} 

Also expanding b*-* in terms of x x, we have (Prop. B, [2] ) 
6**=1 + AX*+-^ x *^ + -7T5-* > * ,, + + to. 

If now in the equation 6 ** = n*, we substitute the values of 
b** and n* obtained above, it becomes 

1 + AX* + i A 2 X 2 m* + I A* X s *» + ... .+ <&c. 

rf o 

el+A^ +^A l l »» + jA/*' + ... +&C. 

From which we have, by Prop. A, 

A x = A. 
A i X 1 s=A 1 * 

A'x 3 ^ 3 , &a 



A «*^» 



ON LOGARITHMS. J 9 

From each of which we obtain 

A 

Substituting for A t its value given above, and for A its 
value determined in Prop. B, [3], we have 

(» - 1)- \(»~ If + ±(n-iy-&c. 
X = - - [1.] 

(6-l)-l($-l)* + i(*-l)»-&c. 

Scholium. Siuce b x = n, it follows, from the definition of 
a logarithm, page 4, that X is the logarithm of the number n 
to the base b. Now as b may have any value that we please 
assigned to it, and, as every different value of b gives a dif- 
ferent value of X, it follows that there may be any number of 
logarithms corresponding with the number n, because any 
number of values may be given to the base 6*. 

We may therefore assume such a value for b as shall give 

A = {(6-l)-i(6-l)* + !(6-l)*-&c.} = l, i 

-which case the expression [1, above] for the logarithm becomes 

X = (n-l)-l(n-l)* + l(n--l) 3 -- ... + &c [2.] 

This is the value for A actually taken by Baron Napier, 
and employed by him in his first Table of Logarithms, from 
which circumstance, logarithms calculated to this base are 
termed Napierean Logarithms. 

Proposition D. 
Problem. In the equation 

b k =:\ + A\ +~x 2 + ^ * 3 + s-^-. * 4 + ... + &o. 

2 ^2.3 2.3.4 T 

to determine the value of b, when A is made equal to unity* 

Substituting the assumed value of A, in the above expres- 
sion, it becomes 

* See page 8. 



in 



*0 
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^-l + x + s x- + JS -x- + 



1 



2.3.4 



x 4 + ... + Ac. 



Now, as this expression is true, whatever be the value of 
X, 4t is- true 5 when 'X = 1 , in ' whi6h i case it bec6mes 



^ 1 + 1 + 2 + a73 



+ 



+ 



2.'8.4 ' 2.3.4.5 



+ Ac. 



Promwhlclrexpre^sion, «sit~is~fapid1y cohveTgent, we A nmy 
easily determine the value *>f '6, to tany -required degree of 
exactness. 

Scholium. The folio wiug is the x oalculation for the first 
thirteen terms. 

1 + 1 «= 2-000,000,000 000 

^te -900,000,000000 

^-by3t±= -166i666,666 067 

■<4«fe* -041,666,666 667 

5±a *008,8S3,883 883 

6» -00 1, 888^888 889 

7= -000,198,412 698 



>» 



f» 



>» 
»> 

91 
»t 
»» 



8=* -000,024,801 



9= 4 000,002,755 732 



10=: -000,000,275 
1 1 = 000,000,025 
12= -000,000,002 



587 



573 

052 
083 

28? 



2-718,2181328 

In which the first nine decimals are correct This num- 
ber is usually denoted by «, and is, as stated in the scholium 
to the .preceding proposition, the base of the Napierean sys- 
tem of logarithms. 

tPbOFOSITION 3E. 

Problem. To obtain a taptifly convergent series, for cal- 
culating the logarithms of numbers. 

In the -expression Prop. G, .[!"], if we put A fcrits equiva- 
lent value in the denominator, we have 

X=iog,n=l{(n-l)-i(n-l)* + 






i(»_l)»_... + &c.|, 



[1-3 
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This expression being true for all values of n, we may put 
1 -f w» = n, it then becomes 

1 / 1 1 V 

i 

Again, if we put 1 — m = », we have 

^og 6 (l — ro) = -(--w — -m? — -™*— ... — &c.J 

Then, subtracting th^ second equation from the first, we 

I , 1 1 a/ft 

lo& (1 + ™) - log, (1 - m) = lpg 6 — — - o; 

!(»->«* + J« .-... + *,) 

A\ 2 3 / 

-l(- m -l m *-->-... -Ac.) 



Now, let 1 |- m = a, and 1 — m>= a.— 1, thpn w^hava. 

1 + m a 



i ■ < i .. 



1 '— m a.— 1 
Fromwhicji we obtain,. 



1 



2d — 1 



Substituting this value^-of m in the above expression, we 
ha*«L. 

. a 2f 1 I 

h series which is rapidly converging. 
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Proposition F. 

Problem. To reduce the logarithms of a system having one 
base, to those having a different base. 

We have, in Prop. E, [1], 
log*n = i{(n - 1) - i(n- l) 2 + ^(n - 1)'- ... + &e.J 

In which expression the coefficient— is constant for every 

logarithm having b for its base, its value being entirely in- 
dependent of it (Prop. B, [3]) ; and we have further shown 
(Prop. D) that, when the base of the system of logarithms is 
taken equal to 2*718281828 = i, the value of A is reduced 
to unity; in this case, therefore, we have 

log,n =(n - 1) -I (n - \f + \(n- 1)'- ... + Ac. [1.] 

This system, therefore, having c for its base, has been called 
the natural system of logarithms, because it can be expressed 
in terms of n alone, and has unity for its coefficient. 

Now, we have (Prob. B, [3]) 

a-(»- i)- !(«-])' + \<b -iy -... + &*, 

an expression from which, by comparison with [1 ] above, we 
immediately perceive that log, b = A, or that the value of A, 

the denominator of the constant coefficient — , for any system 

A. 

of logarithms to the base b t is equal to the Napierean loga- 
rithm of b. The constant coefficient — is called the modulus 

A 

of the system to which it belongs ; and to reduce logarithms 

having one base to those having a different one, it is only 
necessary to divide them by the modulus of their own system, 
by which they become reduced to natural, or Napierean lo- 
garithms, and then to multiply them by the modulus of the 
system having the required base *. 

• See page 9. 
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Proposition G. 

Problem. To find the Napisrean logarithm of b, when b 

equals 10. 

In the expression (Prop. E, [2]) 

log,-- *f-i- + l - + 

g 'a - 1 A 12 a - I ^ 8(2a - 1)» T 

6(3 a -If + - + *° } 

if we put a = 2, and bear in mind that, as we want the Na- 
pierean logarithm, the modulus equals unity, we obtain 

log.? = log,2 = 2{g+gij s + ^ I - 5 + ...+&c.} 
Performing the calculation, we have 

\ = -383,333,338,333 
o 

\ll = -012,345,679,012 

I.~ as -000,823,045,268 
5 *> 

i.L ss -000,065,321,053 

7 8 

I.I. a -000,005,645,029 
9 8" 

-V . ir bb -000,000,513,184 
11 8 

1.1^=: -000,000,048,248 
JL . L = -000,000,004,646 
-L.L= -000,000,000,436 



•346,673,690,209 

2 



log, 2 = 0-693,1 47,180,418. 
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> 

Now, 4 = 2 2 , therefore log* 4 = 2 logt 2 = 

1 '386-294,360,886. 

Again, let us put a = 5, we have then 

log. I . 2 g_+ ^ + Ji- + J_ +,,... + 4c.| 

and, performing the, calculation, we haye 

^ = 111,111,111,111 

3 • ^ = -000,457,247,371 

1 1 

- . - = -000,003,387,017 

-.-==, -000,000,029,869 , 
- ' 99 = -000,000,000,286 



•111,5.71,775,654 

2 



log. J ts?i-&t9/Uty5frl,808 

5 
Now, the logi - =» ldg< 5 — logi 4 ; if, therefore, we add to 

logi- the logi 4, as fcamdiabOTOv wa» shall have 

•223,143,551,308 
i<886,294,360,83& 

1-609,437,912444 

equal the log, 6 ; then, since log, 5 -f log, 2 = log, 10, we 
have 

1 609,437,912 + -693,147,180 = 2302,585,092, 

which is the true value of log, 10, to nine places of deci- 
mals. 
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Proposition H. 

Theorem. The logarithm of any number q to the base p, 
multiplied by the logarithm of p to the base q t is always equal 
to unity; that is t log p q . log q p = 1. 

Let log, q = /, and logjp = h ; then p l = q, and g* = p. 

If the first of these, p* = q> be raised to the power of k, 
we hare 

But q* =j?, therefore jo'** =/>, and 

/. & = log, 9 . log, jo, must equal unity. 

Proposition I. 

Problem. To determine the value of log b i, i being the 
base of the Napierean system of logarithms. 

Comparing the expression for the value of A, given in the 
Scholium to Proposition C, with the formula [2] in the same, 
we see that A is the Napierean logarithm of b f or e A =& ; 
therefore logi b = A. 

Now we have, from Theorem H, 

log« b . log 6 1 = 1, or A . log 6 e = 1, 

Therefore loaf* t = — = ^— = '434294482, 

** A 2.302585092 

This is therefore the value of the modulus [Prop. F] of the 
common system of logarithms. 

Proposition K. 

Theorem. If a series of logarithms to the same base are 
in arithmetical progression, the corresponding numbers will 
form a series in geometrical progression. 

That is, if in b l = n v b * = n v b* = n ? , b 4 = w 4 , the 
values of the exponents of 5 are such that l l% / 2 , £ , 2„ form 
an arithmetical progression, then will n v n 2 , n 3 , n 4 , form a 
geometrical progression. 

For, let $ be the common difference of the arithmetical 
series, then 

o 



• 
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b l * = a'» + * = &'».&* 
&c. &c. Ac. 

Let & = n j, then, substituting in the above for b , ft * 
b*j b \ &c, their equals n^, n lt n 2 , n 3 , &c., we obtain 

n 2 = n x , n^ 

» 3 = »a • »j 

*h = » 3 • n j 
&c. &c. 

Or, we see that each term of the series n v n v n 3 , Ac., is. 
uqual to the preceding term multiplied by the constant quan- 
tity n^ ; they are, therefore (Def. 9), in geometrical progres- 
sion, n 3 being their common ratio. 

Scholium. It should be observed that, since b = n^, J, 

the common difference of the series of logarithms, is the lo- 
garithm of riy the common ratio of the series of numbers. 



Proposition L. 

Problem. To deduce an expression for the limit of the 
increment of a logarithm, produced by any given increase in 
the corresponding natural number. 

If, in the expression Prop. E [1], we put t +• 1 f° r *»> 
it becomes 

Now log ( J + 1 ) = log ( L+i) = log (J + i.) _ loftj t 
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equal the increment occasioned in the logarithm of ft, by in- 
creasing its value by unity. 

In the expression | -= — ^-75 4- -^j* — & c * [» the first term, 

jr, is greater than the sum of all the succeeding terms, and 
therefore 

log (i + l) = log (ft + 1) - log* < 1. \ ... [2], 

That is, the difference between the logarithms of two num- 
bers differing by unity, is less than the modulus of the system 
divided by the lesser of those numbers. 

Scholium 1. In the common system of logarithms, the 

modulus = — has been shown [Proposition I] to be equal to 
A 

-434294482 ; in this case, therefore, we have 

, ,* ix 1 r 434294482 
I log (6 + 1) - log ft < ^ [3]. 

1 

Scholium 2. In the case of the logarithms of several 
consecutive numbers, each greater by unity than the pre- 
! ceding, putting m for the modulus of the system, we have 

log (ft + 1) - log ft < j 
log(ft + 2)-log(ft + l)< 



m 



ft + 1 

m 
log (ft + 3) -log (ft + 2) < £-j-£, 

from which we see that, as the numbers increase, the rate of 
increase of their logarithms decrease ; thus, the addition of 

unity to ft increases its logarithm by -7-, while the addition of 

nit 
unity to ft -f 1 increases its logarithm only ■? -; when, 

however, ft is a large number, ft and ft + 1 are very nearly 
equal, and therefore the rate of increase of the logarithms 
may be considered as proportional to that of the correspond- 

8 
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ing numbers, so long as the increment of the latter Ss small, 
as compared with the number itself. 



Proposition M. 

Theorem. The sum of the logarithm of two numbers, is 

the logarithm of their product. 

Let X = log* m, and / = log* n, then b x = m, and b 1 s= n 



Now. 



m.nsfr^Vs*** 1 ' 



And because 

6 x +'=m.n, 

therefore X + 2 is the logarithm of m . », to the base b ; or, 
the sum of the logarithms of m and n is the logarithm of their 
product. 

Proposition N. 

Theorem. The logarithm of the quotient of two numbers 
is equal to the logarithm of the dividend, with the logarithm of 
the divisor subtracted from it. 

Let X and / denote the same as in the foregoing proposi- 
tion. Then 



And because 






n 



m 
therefore X — Hs the logarithm of — , to the base 6; or, the 

logarithm of the quotient of m divided by n, if equal to the 
logarithm of m, with the logarithm of n subtracted from it. 



Proposition O. 

' Theorem. The logarithm of any power of a number, is 
equal to the logarithm of that number, multiplied by the 
jponent of the power, 
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Let X = log 6 m, then 
m = & A , 
m 2 = b x .b x = b* x , 



m 3 = & A .6 A .& A =:& ,A , 

m* = b x .b x .b. x b x = b*\ 

And because 

therefore nX is the logarithm of m n to the base b; or, tfo 
logarithm of the nth root of m, i$ equal to n times the loga- 
rithm of m* 

Proposition P. 

Theorem. The logarithm of any root of a number, is 
equal to the logarithm of that number t divided by the exponent 
of the root. 

Let X = Jog 6 m, then m = b x ; let the square root of m = a?* 
and the logarithm of #=/, then 



m 



= x.x=b 9l =b x t 



therefore, 2 1 = X, and /=-. 

In like manner, if the cube root of m = y, and the loga- 
rithm of y == p, then 

therefore, Sp = X, and p = - . 

o 

And generally, if the nth root of m = z t and the loga- 
rithm of z = q, then 

w = z l . s 2 . # 3 #„ = 6"« = b x ; 

therefore, n a = X, and = - ; 

n 

or, tto logarithm of the nth root of m, is equal to the logo* 
rithm of m, divided by n. 
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Proposition Q. 

Theorem. In the system of logarithms whose base is 10* 
the mantissa is the same for the same order of figures, whether 
those figures are integers or decimals. 

If the figures composing the two numbers are in the same 
order, and only differ in the place of the decimal point, the 
two numbers may be made equal by altering the position of 
the point in one of them, which will, in effect, be multiply- 
ing or dividing by 10, for every place that the decimal is 
moved to the right or to the left. 

The logarithm of the number which has thus been multi- 
tiplied or divided by 10, or some integral power of 10, must 
have the logarithm of that power of 10 added to or sub- 
tracted from it, in order to be still the correct logarithm of 
that number ; and it will then become equal to the logarithm 
of the other number. 

Now, the logarithm of any power of 10 to the base 10, is 
obviously the exponent of that power, and as the exponent is 
integral, the logarithm of every integral power of 10 must 
itself be an integer, with no decimals or mantissa. The ad- 
dition or subtraction, therefore, of the ldgarithm of the 
power of 10, by which the number has been multiplied or 
divided, will not affect its mantissa, which will consequently 
be the same as before its value was altered. And therefore 
the mantissa) of the two logarithms were originally the same. 

Proposition R. 

Theorem. The characteristic of the logarithm of a number 
to the base 1 0, is always one less than the number of in % egral 
figures in that number. 

Let the number consist of only one integer ; then its value 
must be less than 10 ; now the logarithm of 10 is 1', there- 
fore the logarithm of the number must be less than that of 
10, and therefore its characteristic must be (followed by 
some decimal), and in this case is one less than the number 
of integers in the number. 

Then, let the number be successively multiplied by 10, 
and at the same time let the logarithm of 10, or 1, be sue-* 
cessively added to the characteristic of its logarithm. 

Now each multiplication by 10, will add an integer to tbe 
number, ^t the same time that it will add 1 to the character- 
istic of its logarithm, and therefore as originally the character*/ 
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istic -was 1 less than the number of integers, so it will always 
continue, however great the number of integers may be. 

Proposition S. 

Theobev. In the logarithm (to the base 10) of a number 
Isss than unity, the characteristic is negative, but the mantissa 
is positive ; and the value of the characteristic is one greater 
than the number of cyphers between the decimal point and the 
first significant figure, the number being decimally expressed, 

Liet the number be multiplied by such a power of 10, as 
will make it have only one integral figure, and let that power 
be the nth ; then the logarithm will have been increased by 
n, and it will now have for a characteristic (Prop. R), fol- 
lowed by a mantissa; both being positive. Let m equal the 
value of the mantissa, now this must have been also its 
original value (Prop. Q); therefore, since the logarithm 
now equals m, and n has been added to it, its original value 
must have been m — n; that is, it must have had a positive 
mantissa equal to m, and a negative characterietic equal to n. 

Now the number of times (or n) that a decimal fraction 
must be multiplied by 10, to make only its first significant 
figure an integer, must be one greater than the number of 
cyphers which originally stood between that significant figure 
and the decimal point. 

Therefore the negative characteristic of the logarithm of 
a decimal fraction, is one greater than the number of cyphers 
between the first significant figure and the decimal point. 



CHAPTER V. 

Description of Logarithmic Tables. 

Before proceeding to give rules for performing the various 
processes of Logarithmic Arithmetic, it will be advantageous 
to describe generally, a few of the most useful Tables of 
Logarithms, so as to render the student familiar with their 
use, before he is actually required to employ them. 

The object of Mathematical Tables is to present in a 
concise form, and one easily referred to, two or more series of 
numbers mutually dependent upon each other. So that any 
number in one series being given, the corresponding number 
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in either of the other series may be immediately found, on. 
inspection of the tables. The number given is termed tha 
argument of the tables, and the number sought the resultant. 
Thus in the table a specimen of which is given at page 33, 
the numbers in the left-hand margin and at the head of the 
table are the argument, by which we are directed where to 
find the logarithms of those numbers, which logarithms are the 
resultants. When we thus seek in any column of a table for 
the argument by which to find some other number, we are 
said to enter that column with the argument. For example, 
if we are looking in the table at page 33 for the logarithm of 
2565, we enter the column of numbers (distinguished by N. 
at the top) with the argument 2565, and on the same line in 
the contiguous column we find the resultant 4090874, which 
is the logarithm required. 

Tables of the Logarithms of Numbers exist under a great 
variety of forms, and are calculated to a greater or less num- 
ber of decimal places, according to the purposes to which they 
are intended to be applied. For Astronomical and Trigono- 
metrical calculations, where considerable accuracy is required, 
tables are used in which the logarithms are carried to seven 
places of decimals ; for ordinary purposes tables of six places 
will be found ample ; and even in many cases five places will 
be sufficient. We shall describe some of the best and most 
generally employed tables, to seven, six, and five places. 

The. best tables of the Logarithms of Numbers to seven 
places, are those by Babbage, although for general use we 
should recommend Hutton's, which contain logarithmic sines, 
tangents, &c., to the same number of places, also the natural 
sines and tangents, and a great variety of other tables which 
will be found of frequent use. We have given on the oppo- 
site page as a specimen of these tables, a portion of one 
page of the same. 
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The natural numbers which form the arguments of the table 
extend from 10000 to 107999, the resultant*, or logarithms 
answering to them, from 40000000 to 503341973, the former 
being given to 5 and 6 places, while the latter extend to 7 and 
8 places. In the extreme left-hand column headed N, which 
is the column of arguments, only the first four figures of the 
natural numbers are given, the last figure must be sought for 
along the top of the table, in the line of figures immediately- 
under the words "Logarithm of Numbers;" and the result- 
ant, or the logarithm itself, will be found at the intersection 
of the two lines in which the two portions of the argument 
were found ; that is, on the same line with the first four 
figures, and in the same column as the last figure. We ob- 
serve, however, upon looking at the table, that while the first 
column of resultants (having at the top) contains 7 figures, 
the other nine columns contain only 4. The explanation of 
this is as follows, the four figures given in these columns are 
only the four final figures of the logarithm, that is the 4th, 
5th, 6th, and 7th, decimals, the first three figures, or the 1st, 
2nd, and 3rd, decimals, are the same as those of the loga- 
rithms in «the first column of resultants, and being the same 
it is considered unnecessary to repeat them, as they may be 
as easily supplied from the first column, and considerable 
saving of space is effected by their omission. It is in order 
to allow of this saving of space, by the omission of the similar 
figures, that the peculiar arrangement of the tables, by which 
a portion of the argument is found in the side column and a 
portion at the head of the table, has been adopted. It is not, 
however, always the case, that the initial figures found in the 
first column are the correct initial figures for all the other 
logarithms in the same Hue, because as the logarithms suc- 
cessively increase r after a certain interval, the last of the 
initial figures or the 3rd decimal becomes altered in value, 
and this alteration is equally likely to occur in any one of the 
columns. An example of this occurs at the third line of the 
table, in which the initial figures 406 apply, as far as the 
column headed with 7, they here, however, change, and in the 
next column become 407, and so continue until the ninth line, 
in which they change to 408 in the column headed with 6. 
Various methods have been adopted for directing attention to 
this change in the initial figures; in Hut ton 8 tables it is 
shown by a line being drawn over the first figure of each of 
the logarithms to which the altered initial figures are to be 
applied, and in some other tables,* as in Babbage's, it is 
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shown by the first cypher being pat in smaller type, as 
| 0I68 I o338 I . 

It has been shown, in the conclusion of the previous chap- 
ter (Scholium 2, Prop. L). that with small increments in the 
natural numbers, the logarithms corresponding with them in- 
crease in arithmetical progression, so that the difference be- 
tween the successive logarithms remains constant for several 
logarithms in succession. Whenever the value of the difference 
changes, it is inserted in a column headed D, on the right of 
the table on the line in which the change occurs. Thus the 
number 170 is inserted in the column D, on the fifth line, and 
indicates that the difference between two successive logarithms 
has changed from 171 to 170 in the line in which it stands. 
The differences change much more rapidly at the commence- 
ment of the table than near its conclusion. The difference 
given in this column is that due to an increment of one unit 
in the 5th figure of the natural number, thus 

Log of 25584 = 4*4079684 
„ 25585 = 44079854 

1 170 • 



and as for any increment less than this, we may consider the 
logarithms to vary in arithmetical progression, to ascertain 
the logarithm of any number between those given above, the 
increment of the logarithm to be added to 4*4079684 will 
bear the same proportion to 170, that the increment of the 
natural number does to 1 ; for example, let it be required to 
find the logarithm of 25584*6, here the increment of the num- 
ber being *6, we form the proportion 1*0 : *6 : : 170 : 102, by 
which we find that 102 is the corresponding increment of the 
logarithm, which being added to 4 4079684 gives 4*4079786 
for the logarithm of 25584*6. Again, if the increment of the 
natural number had been *06, the corresponding increment of 
the logarithm would have been 10*2. 

If now we divide the whole difference 170 by 10, we obtain 
17, the difference corresponding with an increase of one unit 
in the sixth figure of the natural number, the double of this 
or 84 for two units, the treble or 5 1 for three units, and so 
on ; and each of the numbers so obtained will be the incre- 
ment of the logarithm corresponding with an increase of that 
number of units in the sixth figure of the natural number. 
The increment thus obtained, lor each of the uiae unite, is 
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inserted in an adjoining column (headed "Pro./ 1 an abbrevia- 
tion of Proportional Parts). 

The numbers contained in these little tables are, as already 
explained, the increments of the logarithm for an increase in 
the sixth figure of the natural numbers, they express, how- 
ever, the increments for the units in the seventh place of the 
natural number when divided by 10, or for the eighth when 
divided by 100. Thus, suppose the logarithm of 25608587 
were required, we derive at once from the table the logarithm 
of the first five figures, to which we add the proper increment 
for each additional figure, derived from the little table in the 
right-haud column. Thus — 

Log of . 25608000 is 7-4083757 

Increment for 500 „ 85 






80 " 13-6 

7 „ 1-19 



Therefore the log of 25608587 „ 7-4083857 

These little tables of proportional parts are of equal service 
in finding the natural numbers corresponding with any given 
logarithm. Thus, if the logarithm given were 44074327, on 
looking in the table we see that the next less logarithm is 
4*4074249, which corresponds with the natural number 
25552 ; then subtracting the logarithm taken from the table, 
from the given logarithm, we obtain the difference, 78 ; look- 
ing in the second column of the table of Proportional Parts, 
we find against the next less difference, 68, the number 4, 
which is the sixth figure of the number required ; we have 
still 10 left, to which adding a nought we obtain 100, and the 
nearest number in the table being 102, against which we find 
6, that is the seventh figure required. The number answer- 
ing to the logarithm 4*4074249 is therefore 25552*46. 

In these and all the best tables of logarithms, the charac- 
teristic is omitted, the tables containing only the mantissa of 
the logarithm. The characteristic must be added in accord- 
ance with the rule given at page 11. 

We next pass on to describe tables of logarithms to six 
decimal places. As a specimen, we have given a page from 
the '• Mathematical Tables," forming one of the same series 
6s the present work. 
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This table contains the logarithms of every number 
than 10,000 to six places of decimals, and in their genei 
form and arrangement are very similar to those jast descril 
The natural numbers which form the argument of the 
are given to four places, the first three being found in 
left-hand column, and the fourth at the head of the table 
the first three figures are also repeated in the last col ami 
to facilitate the use of the tables. In the first column of re- 
sultants -the whole six figures of the logarithm are given, but* 
in the succeeding columns only the last four, the two initial^ 
figures being supplied from the first column. In these tables* ; 
a horizontal line is introduced to separate the logarithms 
which have different initial figures, the line being made to 
break, or step up, when the change in the initial figures oc- 
curs other than at the commencement of a line. Thus in the 
middle of the sixth line the initial figures change from 38 to 

39, and this is indicated by the line thus 9875 | 0051, the 

former of these being 389875, and the latter 390051. 

In these tables also the proportional parts are somewhat 
differently arranged. In Hutton's and other logarithmic 
tables, the line in which the difference changes its value is 
shown, but each line contains ten logarithms, and there is 
nothing to indicate between which of these logarithms the 
change occurs ; in the tables now being described, the number 
corresponding with the logarithm at which the change takes 
place is given in the left-hand column, and on the same line 
will be found the proportional parts for each unit constituting 
the fifth figure of the natural number. Thus, let the loga- 
rithm of 246057 be required ; here we obtain the logarithm 
of the first four figures at once from the body of the table, for 
the increment to be added for the other two figures we look 
in the table of proportional parts, and on the same line with 
the first four figures of the given number, and in the same 
column as the fifth figure of the same, we find the propor- 
tional part to be added for that figure, and on the same tine 
and in the same column as the sixth figure, we find the pro- 
portional part, which, having first been divided by ten, must be 
added for that figure. Thus — 

The log of . 246000 is 5-390935 
Increment for 50 „ 88 

7 „ 12-32 



Therefore the log of 246057 „ 5 391035 
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If the first four figures of the number are not exactly found 

the first column of proportional parts, we must take the 

t less number. Thus, had the given number, whose 

ithm was required, been 254371, we must have looked 

r the proportional part for the last two figures in the line 

ving 2532 in the left-hand column, those being the next 

s numbers to 2543. 

To find a number from its logarithm, the application of 
ibis table is very simple. We must take the next less loga- 
rithm in the upper part of the table, and the four first figures 
of the corresponding number will be obtained; we must 
then take the difference between the given logarithm and 
that found in the table, and, looking in the table of propor- 
tional parts, on the same line with the first four figures just 
found (or the next less to them), for the next less number to 
this difference, the figure at the head of the column in which 
it is found will be the Jifth figure of the required number. 
Then, if the difference found in the table be taken from the 
difference sought for, and a nought be added, the number at 
the head of the column in which this second difference may be 
found (on the same line as before), will be the sixth figure of 
the required number. Thus, what is the natural number 
vhose logarithm is 3 416369? 

The given logarithm . =3*416369 

Next less logarithm . = 3-416308 = the log of 2608* 

61 = 1st diff. 
Next less diff. in table . . = 498 = -3 



1J2 = 2nd diff. 
Nearest diff. in table = 116 = '07 



Therefore the number required is 2608*37 

Again, what is the natural number whose logarithm is 
5394564? 
The given logarithm = 5*394564 

Next less logarithm . •= 5-394452 = log of 248000 

% 112 = 1st diff. 

Next less diff. in table, . = 105 = 60 



70 = 2nd diff. = 4 



Therefore the required number is 248064 
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The next table of logarithms which we shall describe 
those reprinted, under the superintendence of the Society 
the Diffusion of Useful Knowledge, from the tables of Lai 
published in France. A specimen of these tables is giv 
below. 




3960" - 

Num. 


-i°6'o" 
Log. 


D. 

10 

10 

IO 


399°"- 

NUHL 


■ i°6 3 d" 
Log. 


D. 
xo 

II' 

10 
10 
10 


4020" ■ 
Kohl 


- 1° i 0" 

Log. 


T| 




3960 
3961 
3962 


•59770 
•5978o 
•59791 


399° 

399 " 
3992 


•60097 
•60108 
•601 19 


4020 
4021 
4022 


•60423 
•60433 
•60444. 


1 * 1 

1 IO 1 
11 1 

! 11I 


3963 
3964 
3965 


•59802 

•59813 
•59824 


3993 
3994 
3995 


•60130 
•60141 
•60152 


4023 
4024 
4025 


•60455 
•60466 
•60477 


11 1 
11 1 

TO 


3966 

3967 
3968 


•59835 
•59846 
•59857 


3996 
3997 
3998 


•60163 
•60173 
•60184 


4026 
4027 
4028 


•60487 
•60498 
•60509 


II 

XI 

II 

II 
IO 

II 

II 
II 

IO 

II 
II 

II 

IO 

II 
II 
II 

IO 

11 

II 
II 

10 

II 
II 
II 




3969 
397o 
397i 


•59868 

•59879 
•59890 


3999 
4000 

4001 


•60195 
•60206 
•60217 


4029 
4030 
4031 


•60520 
•60531 
•60541 




397* 
3973 
3974 


•59901 
•59912 

•599*3 


4002 
4003 
4004 


•60228 
•60239 
•60249 


4032 

4033 
4034 


•60552 
•60563 

•60574 




3975 
3976 

3977 


•59934 
•59945 
•59956 


4005 
4006 
4007 


•60260 
•60271 
•60282 


4035 
4036 

4037 


•60584 
•60595 
•60606 




3978 

3979 
3980 


'59966 

•59977 
•59988 


4008 
4009 
4010 


•60293 
•60304 
•60314 


4038 
4039 
4040 


•60617 
•60627 
•60638 




3981 
3982 

3983 


•59999 
•60010 

'60021 


401 1 
4012 

4013 


•60325 
•60336 
•60347 


4041 
4042 
4043 


•60649 
•60660 
•60670 




39H 
3985 
3986 


•60032 
•60043 
'60054 


4014 

4oiJ 
4016 


•60358 
•60369 
•60379 


4045 
4O46 


•60681 
•60692 

•60703 




3987 
3988 

3989 
3990 


•60065 
•60076 
•60086 
•60097 


4017 
4018 
4019 
4020 


•60390 
'60401 
•60412 
•60423 


4047 
4048 

4O49 
405O 


•60713 
•60724 
•60735 
•60746 
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They are only carried to five decimal places, and their 
igement is quite different from that of the tables already 
lescribed. They contain the logarithms of every consecutive 
number from 1 to 10,000, the arguments and resultants 
being placed in parallel columns, and the differences between 
the logarithms being given in a third column on the right 
band. In these tables no proportional parts of the differ- 
ences are given for the several units in the fifth place of the 
natural number, but they have to be found by proportion in 
the manner explained at page 35. 

Thus, suppose the logarithm of 39694 were required : we 
immediately find, from the table, the logarithm of 39690 to 
be 4*59868, but we know this to be too small, and we want 
the proportional part of the whole difference, 11, to be added 
for the four units in the fifth place of the natural number. 
Now, the difference, 11, corresponds with an increase of ten 
units in the fifth figure of the number, therefore, as 10 : 11 
: : 4 : 4*4, which is the proportional part required. The 
rule, therefore, for finding the proportional parts is as fol- 
lows : — Multiply the difference given in the third column by 
all the figures of the natural number, except the first four, 
and point off as many decimals in the product as there were 
figures in the multiplier, the integral portion will be the 
proportional part to be added to the logarithm. In the ex- 
ample above we have 11 x •4 = 4*4, the integer of which 
being added to 4*59868, gives 4*59872 for the logarithm of 
39694. 

Again, what is the logarithm of 403567 ? The logarithm 
of 403500 is 5 60584, and the difference, 11, being multi- 
plied by 67, is 737, from which pointing off two decimals, 
leaves the integer 7 to be added ; therefore, the logarithm of 
403567 is 560591. 

To find a number answering to a logarithm, from these 
tables, proceed as follows: — Look for the next less logarithm, 
and the number answering to it will be the first four figures 
of the number required. Then take the difference between 
this logarithm and the one given ; to this difference add as 
many cyphers as additional figures are required, and divide 
by the difference given in the third column of the table, 
the quotient will be the figures to bo added to the first 
four already derived from the tables; the position of the 
decimal point will be determined by the value of the cha- 
racteristic. 
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For example, what is the number answering to tbo 
garithm 860428 ? 

Logarithm given . . = 8*60428 

Next less logarithm . =3 60423 = 4020 

50 -f- 10 = -5 



4020-5 



Therefore 4020*5 is the number whose logarithm 
8*60428. 

Again, what is the number answering to the logarit 
4-60719? 

Logarithm given . . as 4*60719 

Next less logarithm . = 4*60713 = 40470 

600 -f- 11 = 5*4 



40475-4 



Therefore 40475*4 is the number whose logarithm is 
4*60719. 

Having described some of the principal tables, and ex* 
plained the method of using them, it will be desirable to 
show how many figures may be relied upon as accurate, in 
the results obtained by tables of five, six, and seven decimal 
places. 

Let us have the logarithm 8-17284 given to five places of 
decimals : now the real value of this logarithm, if expressed 
to a greater number of places, might, for aught that can be 
known, be anything between 3*172835 and 3172845, and 
might therefore differ from the logarithm given by very 
nearly -000005 ; which then is the extreme limit of the 
difference which tables to five places will show; any differ- 
ence less than this might occur without any change in the 
value of the logarithm, as given in the table. 

It has been shown in Prop. L [3], page 27, that the dif- 
ference between the logarithms of two numbers, which differ 
only by unity, is less than the modulus of the system divided 
by .the lesser number, or, in the case of common logarithms, 
than *434294482 divided by the lesser number. Now, the 
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^ rente between the true logarithm and that given to five 
as may, as we have shown above, be nearly equal to 
005, which is therefore less than 4343945 divided by 

the number, or the number is less than ^^^ = 86858*9. 

•000005 

That is to say, that unless the number, whose logarithm is 

given, is less than 86859, its value cannot be determined 

with certainty beyond four figures; but that if less than 

86859, the first Jive figures derived from the table will be 

true. 

In a similar way it may be shown that, when working with 

tables of logarithms to six decimal places, the first six figures 

of the result may be depended upon if less than 868589, but 

if greater, only the first five figures must be kept. And in 

the case of logarithms to seven decimal places, if the result 

is less than 8685890, seven places will be accurate, but if 

greater, only six. Generally, in any tables of logarithms, the 

result obtained may be considered accurate to as many figures 

as there are decimal places in the logarithms, provided the 

mantissa of the logarithm is less than '9388, but if greater, 

then the result will only be accurate to one less number of 

figures than the decimals in the logarithm. 



CHAPTER VI. 

Logarithmic Arithmetic 

We next proceed to the application of logarithms to the 
ordinary processes of arithmetic, and to illustrate and explain 
their general use for the purposes of calculation. The 
references following the rules show the proposition in Chapter 
IV., in which the rule is demonstrated. 

To find the Arithmetical Complement of a Logarithm. 

By the arithmetical complement of a logarithm is meant 
the remainder left by the subtraction of the logarithm from 
10. Thus the arithmetical complement of 3 241735 is 
10000000 — 3-241736 = 6*758265. Its great use is in 
division, as will be presently shown ; for if, instead of sub- 
tracting a logarithm, we add its complement, and subtract 10. 
we obtain the same result. To find the arithmetical comple- 
ment employ the following rule. 



- i 
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• 

Rule. — Subtract the first right-hand significant figure 
10, and all the others (including the characteristic when posi-\ 
tive) from 9 ; when the characteristic is negative, it must be] 
added to 9. 

Examples. 

The arithmetical complement of 5*631642 is 4*368358 
„ „ 2-170630 „ 7-829370 

n 9 $ 7-2I7034 „ IO782966 

„ „ 3*173680 „ 12*826320 

„ „ 3-6072 1 8 „ 6392782 

„ „ 0'7I4000 „ 9*286000 

Multiplication. 

Rule. — To multiply two or more numbers together, add 
their logarithms, the sum will be the logarithm of their 
product (Prop. M). 

Examples. 

Multiply 5631 by 42. 

Logarithm of 5631 = 3*750586 
„ 42 =» 1*623249 

5-373831 ■= log of 236500 
40 » 2 



Answer •» 236502 



Multiply 52, 734, and 6 together. 

Logarithm of 52 = 1*716003 
„ 734 •« 2865696 

„ 6«o-778i5i 



5-359850 

5'359 8 35 ■* l°g of 229000 



150*- 8 



Answer «■ 229008 



Multiply 61, 22, and 65 together. 
Logarithm of 61 =* 1*785330 

„ 22 « i'34*4*3 

65 = 1*812913 



n 



4*940666 m log Of 87230. 
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| Division. • 

| Rous.— To divide one number by another, subtract the loga- 

'> fithtn of the divisor from the logarithm of the dividend, and 

the remainder will be the logarithm of the quotient (Prop. N). 

Examples. 

Divide 1 164 by 4. 
Logarithm of 11 64 ■■ 3 06595 3 
„ 4 ■> 0*602000 



2*463893 = log of 291. 

Divide 11 6908 bj 5314* 

Logarithm of 11 6900 =■ 5*067815 
Prop, port for 8 — 29*68 

Logarithm of 11 6908 » 5.067845 
» 53 H - 37*54** 

1*342423 » log Of 22. 

Instead of subtracting the logarithm of the divisor we may 
add its arithmetical complement, the result, with 10 sub- 
tracted from the characteristic, will as before be the logarithm 
of the quotient. Thus, in the example above, the arithmeti- 
cal complement of 3 '72 5422, the logarithm of the divisor, is 
6*274578, which added to 5067845, gives 1842433, the same 
answer as before. This method will be found very convenient 
where it is desired to divide one number by several others ; 
we have, in such a case, only to add to the logarithm of the 
dividend, the arithmetical complement of the logarithms of 
the several divisors, and subtract from the characteristic as 
many tens as there were divisors, the result will be the loga- 
rithm of the quotient. 

Divide 579416 by 4, 23, and 47. 

Logarithm of . . . 579400 = 5*762978 
Proportional part for 10 «« 7*5 

>, y, 6- 45 

Logarithm of • . . 579416 «* 5*762990 

Arith. comp. of log of 4 =» 9*397940 

. » « *3 « 8638272 

» » 47 - 8*327902 

2*127104 «■ log of 134* 
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PbOPOBTJON, OB TBM RtJLE OF ThBSE. 

Questions in proportion, or the rule of three, may be 
solved with great facility with the aid of logarithms. 

Bulb.— -Add together the logarithms of the two middle 
and from their sum subtract the logarithm of the first term* 
the remainder will be the logarithm of the fourth term, 
quantity required. Or, instead of subtracting the logarithm 
the first term, add its arithmetical complement and subtract\ 
10 from the characteristic. 



If 14 men, in 47 days, excavate 5631 cubic yards, what length of time 
will it take them to excavate 47280 cubic yards 1 

Or, a* 5631 : 47 :: 47280 : 1 
Logarithm of . • . 47280 — 4*674677 
„ ... 47 *** 1*672098 



Logarithm of • 



6*34^775 
5631 = 375°5* 6 



2*596189 -> log of 394*626 



By the second method : — 

Logarithm of . . . 47280 ■= 4*674677 

„ ... 47 *** 1*672098 

Arith. comp, of log of 5631 »= 6*249414 



2*596189 ai before. 

Xf an engine of 67 horses' power can raise from a reservoir 57,600 cubic 
feet of water in a given time, what horses' power will be reqmijed te raise 
8,575,000 cubic feet in the same time t 

Or, as 57t*5oo : 67 :i 8,575,000 : t 
Logarithm of . . . 8,575,000 — 6933234 

. ,. . 67 «- 1*826075 . , m 



tt 



Logarithm of . 



8759309 
57,600 ■» 4*760422 



3998887 - log of 99744 



Or:— 
Logarithm of . . . 8,575,000 — 6*933234 
„ ... 67 a- 1*826075 

Arith. comp. of log of 57,600 « 5*239578 



3*998887 as before. 
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Involution, and Evolution. 

' involution is the process of raising a number to any power 

CI itself, and evolution is the extraction of any root of a 
umber ; both these processes are very readily performed by 
means of logarithms, 

Rule I. — To raise a number to any power desired, multiply 
the logarithm of the number by the exponent of that power, and 
the product will be the logarithm of the power required. 

Rule II. — To extract any root of a number, divide the 
logarithm of that number by the. exponent of the root, and the 
quotient will be the logarithm of the root required. 

Examples. 
What if the square of 745, the eafce of 67, and the 7th power of 8 1 
Logarithm of 745 =» 2*872x56 



5744312 -log of 555025. 



Logarithm of 67 — 1*8*6075 

3 



5*478225 *= log of 300763. 



LqgmrjUun of 8 •». 0*903090 

7 



6*321630 —log of 2097152 

wlut if the square root of 4225, the cube root of 6859, an ^ *be 6th 
« 1 176491 

Log of 4225 — 3*625827 •*• 2 •» 1*812913 •■ log of 65. 

Log of 6859 - 3 8 3°* 61 -*• 3 ■■ I,4 78754 *■ Io 8 °f l 9* 
Log of 1 1 7649 •- 5*070588 -J- 6 — 0*845098 * log of. 7. 

When the number to be involved to any power, or whose 
root is to be extracted, is a fraction, its characteristic will be 
negative; in this case, in multiplying the logarithm by any 
number, it must be borne in mind that the mantissa is posi- 
tive, and therefore that any figures carried from the multipli- 
cation, of: the. same, must be deducted from, the characteristic, 
instead of being added to it. 
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BXAXPLK. 

What if the square of '25, the cube of '058, and the 5th power of -97S4? 

Logarithm of '25 «* 1*397940 



2-795880 « log of '0625. 



Logarithm of -058 «= 2763428 

3 



4*290284 = log of -000195112. 



Logarithm of '9784 — 1*990516 

5 



1*952580 •= log of '89656. 

In dividing a logarithm with a negative characteristic by 
any number, if the characteristic is a multiple of that number, 
or is divisible by it, proceed to divide in the usual manner, 
remembering, however, that the new characteristic will be 
negative. Should the characteristic not be divisible by the 
number by which it is required to divide the logarithm, 
separate the mantissa from the characteristic, and add to each 
such a number as will make the characteristic divisible, then 
divide each of the sums by the number, and the quotient will 
be the characteristic and mantissa respectively of the loga- 
rithm required. The equal numbers added to the character 
istic and mantissa, must of course be considered negative in 
the first case and positive in the other. 

Examples. 

What is the square root of '209 

Logarithm of '209 «= 1*320146 

Adding — 1 to the characteristic we have 2 -*- 2 =* 7, the new character- 
istic, and adding 1 to the mantissa we have 1*320146 -*- 2 *= • 660073 ror 
the new mantissa, therefore 1*320146 -r- 2 «= 1*660073 = log of '45716 =* 
ae square root of '209. 

What is the cube root of *oooi 95 1 1 2 1 
Logarithm of -000195112 « 4-290284. 
4 -{- 2 *= 6 -f. 3 = 2 for the characteristic, and -290284 + 2 ■■ 2*290284 
■i-3" '763428 for the mantissa. Therefore, 4*290284 -r 3 »=■ 2763428 

» Jog Of -058. 

The four operations just described, namely, Multiplication, 
Division, Involution, and Evolution, comprise actually the 
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[vhole of the processes in the performance of which logarithms 
[are employed, and when the student is conversant with these, 
he will be able to apply logarithms in a variety of cases in 
which their use will be attended with the saving of immense 
labour. 

As an exercise in the preceding rules, and more especially 
in their practical application, we shall give a variety of useful 
formulae, logarithmically expressed, and illustrate their use 
by examples ; at the same time, that they may not be merely 
exercises, but may prove useful for reference, we shall arrange 
and classify them under their proper heads. In the following 
formulae the letter X will be used to denote "logarithm of;" 
thus, X a, will mean the logarithm of a, or the quantity for 
which a stands ; and 2 X (ar -f y) means twice the logarithm 
of the quantity inclosed within the parenthesis, or y added to 
the square of x. All the lineal dimensions are given in feet, 
all the superficial dimensions in square feet, all the solid dimen- 
sions in cube feet, and all the weights or pressures in avoirdu- 
pois pounds, unless where it is otherwise expressly stated. 

Interest. 



Simple Interest. — [i.] Add to- 
gether the logarithms of the prin- 
cipal, the rate, and the time, and 
from the sum subtract 2; the re- 
mainder will be the logarithm of 
the interest 



Compound Interest. — [2.] Find 
the amount of £1 at the given 
rate of interest for the first term ; 
this is called the ratio, and the 
logarithm of the ratio for such 
rates of interest as are likely to 
be used are given in the annexed 
table. Multiply the logarithm of 
the ratio by the time, and add to 
the product the logarithm of the 
principal ; the sum is the logarithm 
of the amount 



Mensuration. 

Triangle. — Let a, b, and c be the three sides, d ** \ (a + -f c), and A 
equal the area ; then 

[3] AA»j{xrf + x(d-o)+X(rf-5) + X (d -c)}. 

D 





Logarithm 


w 4) 


Logarithm 


egg 
1 


of 


as 


of 


ratio. 


5i 


ratio. 


•0043214 


•0232525 


^ 


•0053950 


5} 


•0242804 


'0064660 


6 


•0253059 


i} 


•OO75344 


H 


•0263289 


2 


•0086002 


H 


•0273496 


i 


•0096633 


«l 


•0283679 


•0107239 


7 


•0293838 


*l 


•OII7818 


7i 


•0303973 


3 


•0128372 


74 


•0314085 


3i 


•Ol 38901 


7l 


•0324173 


34 


•0149403 


8 


•0334238 


3* 


•0159881 


*i 


•0344279 


4 


•0170333 


*4 


•0354297 


4i 


•01 80761 


st 


•0364293 


4* 


•0191163 


9 


•0374265 


4l 


•0201 540 


»t 


•0384214 


5 


•0211893 


94 


•0394141 


5i 


•0222221 


9! 


•0404045 
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Square. — [4.] The logarithm of the area equals twice the logarithm of 
of the sides. 

Rectangle. — [5.] The logarithm of the area equals the logarithm of the 
length added to the logarithm of the height 

Polygon. — Let I equal the length of one of the sides, n equal the number 
of sides, and A equal the area ; then 

(00 n — 1 80 \ 
z )•"*• 

Circle. — Let d equal the diameter, c equal the circumference, and a equal 
the area; then 

[7.] Xd = '50285 + X e — 1 ■■ '60206 -j- A a — X c =» '053455 -f JXa. 

[8.] X c -b '49715 + X d — '60206 -f X a — Xd « '550605 + J X a. 

[9.] X a = '89509 + 2 X d — 1 » -90079 + 2XC-2* '39794 + *■ <* -f- 

Xc— 1. 

Circular arcs. — Let r equal the radius, m equal the measure of the arc in 
degrees, and I its length ; then 

[10.] xl * '2418776 -f-Xr + Xro— 1. 

Circular sectors. — Let d equal the diameter, and a equal the area, the 
other letters as in [10]; then 

[11.] Xa «* -69897 + xr + x/ — 1 * '338456 4- zxd+ Xm— 3. 

Parabola. — Let x l and # 3 he two absciss©, y t and y, the corresponding 
ordinates, and a equal the area ; then 

[12.] Xoa '823909 -f- * ** + * ( 2 y*) — *• 

[13.] Ay t - ft (**,+ * Aft — **i)» 
Ellipse. — Let < equal the transverse, and c the conjugate diameters, y 
equal any ordinate, and x v x v the corresponding abscissae; also let a equal 
the area, and p equal the periphery ; then 

[14.] X a « '89509 + X c -f X * — i. 

[15.] Xp « '196118 + X (* + <:). 

[16.] Xy = Xc + 4Xa?, + iXa: t --X(. 

Formulas [16] applies also in the case of the Hyperbola. 

Parallel opipedon, prism, or cylinder. — [17.] The logarithm of the cubic 
contents equals the logarithm of the area of the base added to the logarithm 
of its perpendicular height. 

Pyramid or Cone. — Let a equal the area of the base, h its perpendicular 
height, and s its solidity ; then 

[18.] X* « '823909 -f Xa + XA — 1. 

Sphere. — Let d equal the diameter, c equal the circumference, s equal the 
solidity, and 9 the surface ; then 

[19.] X *• ■= X d + X c « '696487 + 2 X d » '502837 -f 2 X c — 1. 

[20.] X a = 719 -f- 3 X a* — 1 « '227372 + 3 X c — 1. 

* The logarithmic tan must here be taken to a radius equal unity, there- 
fore 10 must be subtracted from the characteristic given in the tables. 
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Regular Bodies — Let I equal the length of any linear edge, s equal the 
solidity, r equal the surface, and a and 6, numbers obtained from the annexed 
table; then 

[21.] >.*■ « 2\l-\- a. 

[22.] X s = 3 A I + 6. 



No. of 
sides. 


Name. 
< 


a 





4 


Tetraedron . . . 


0*2385607 


1-0713486 


6 


Hexaedron . . . 


0778 1 51 3 


o-ooooooo 


8 


Octaedron . . . 


o - 53959° 6 


1-6730624 


12 


Dodecaedron . . 


1-3148301 


0*8844056 


20 


Icosaedron . . . 


0*9375306 


0-3387940 



Trigonometry. 

Plane Triangles. — [23.] Given two sides of a triangle and an angle 
opposite to one of them, to find the angle opposite to the other one. Rule : — 
To the logarithmic sine of the given angle add the arithmetical complement 
of the logarithm of the opposite side, and the logarithm of the other given 
side ; the sum with 10 subtracted from it will be the logarithmic sine of the 
angle required. 

[24.3 Given two angles and a side opposite to one of them, to find Vie side 
opposite to the other one. Rule : — To the logarithm of the given side, add 
the arithmetical complement of the logarithmic sine of its opposite angle, and 
the logarithmic sine of the other angle; the sum with 10 subtracted will be 
the logarithm of the side required. 

[25.] When two sides and the included angle are given, to find the third 
side. Rule :— To the logarithm of the difference of the given sides add the 
arithmetical complement of the logarithm of their sum, and the logarithmic 
tangent of half the sum of the angles opposite the given sides, and the sum 
with 10 subtracted will be the logarithmic tangent of half the difference of 
those angles. Then to the arithmetical complement of the logarithmic cosine 
of half the said difference, add the logarithmic cosine of half the sum of the 
same angles, and the logarithm of the sum of the given sides ; the sum with 
10 subtracted will be the logarithm of the third side required. 

[26.] When the three sides are given, to find the angles. Rule:— To the 
arithmetical complement of the logarithm of the longest side, add the loga- 
rithm of the sum of the other two sides, and the logarithm of the difference 
of those sides; the sum with 10 subtracted from it is the logarithm of the 
difference of the segments of the base or longest side. Then half this differ- 
ence added to half the base will equal the longer segment, and deducted 
from it will equal the shorter one, 

D 2 
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Right-angled triangles. — Let A equal the hypotenuse, b equal the 
and p equal the perpendicular ; then 

[27.] xA«ix(o* + p*). 
[28.] Xb = ix(A» -p*) - ix(A + J>) + U (A-P). 
[29.] X jp = J x (A» - &') » i X (A + ft) + $ X (A - ft). 

Mechanics. 

Fit vistf. — Let w equal the weight of a body, v iU velocity in feet per 
strond, and v iU vis viva ; then 

[30.] XT= 1*507731 + X* -f 2 Xt>. 

Action of gravity. — Let s equal the space passed over in t seconds, and v 
the velocity as above ; then 

[31.] X s *■ '69797 » X < + X * — 1 *« 2*205702 + 2 X f — 1 

as '190238 + 2X»— 2. 

[32.] X v ■= 1*507732 + X * = -30103 -{- x« — X f « '904881 -f^X*. 

■ 

[33.] X t *» '492268 + X V — 2 =■ '.30203 + X $ — X V 

« -306649 + i X* — I. 

Pendulums. — Let t equal the time in seconds of one vibration in a very 
small circular arc, and I the length ; then 

[34.] Xt *= -251016 -f |XJ. 

Central forces. — Let w equal the weight of a body moving in a circle 
whose radius is r, with a velocity of v feet per second, and let /equal the 
centrifugal force ; then 

[35.] X/ ■■ -492268 + 2Xv-fXw — Xr— a. 

Arches. — Let B equal radius of curvature at crown, b equal breadth of arch, 
w equal vertical weight on every square foot of the key-stone, including its 
own weight, and p equal the thrust or horizontal pressure on the key-stone ; 
then 

[36.] XP«XR-}-Xo + Xtt>. 

Also let d equal horizontal distance of center of gravity of half the arch 
from its springing, r equal the rise of the arch, and w equal the weight of 
half the arch • then 

[37.] Xp«xw4-xd— xr. 

Retaining walls. — Let A equal height of wall, P equal pressure against 
wall, acting horizontally at one-third of the height of the wall above its base, 
and b a number obtained from the annexed table ; then 

[38.] XP»2XA + 0. 



Material supported by wall. 



Water 

Fine dry sand 

Loose shingle, perfectly dry 

Common earth, perfectly dry and pulverulent . . 
The same, slightly moistened, or in its natural state 
Earth, the most dense and compact 



1-494850 

1-194958 

1*111867 

'945222 

•747800 

•793301 
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Resistance of air. — Let a equal the area of a thin surface moving through 
water with a velocity equal v feet per second, and R equal the resistance ; 
then 

[39.] Xr» '230449 + 2X» + Xa-a. 

Resistance of water. — The notation being the same • then 
[40.] XR = '98945 + 2XU+XO-I. 

Hydraulics. 

Discharge through pipes Let d equal diameter in inches, q equal quan- 
tity of water discharged in cubic feet per minute, I equal the length of the 
pipe* and h equal the head; then 

[41.] Xd«j{2XQ+ -6515-1- X(f+4'2<J) — XA — 2}. 

[42.] X Q = J { 1*3485 + * h + 5 >• d - X (I + 4-2 d) }. 

[43.] X I « 1*3485 + X A + 5 A d — 2 X Q. 

[44.] X h = '6515 + 2 X Q -|- X (I + 4*2 d) — 5 X d — 2. 

Discharge through canals. — Let a equal sectional area of canal, p equal 
the wetted perimeter, I equal length, A equal corresponding fall, and v equal 
the Telocity in feet per second ; then 

[45.]X«« i'9<Jii42-f i{xa-f xA— Xp — XJ J. 

Discharge over weirs. — Let rf equal the depth of water flowing over the 
weir, equal its breadth, and Q equal the cubic feet discharged in a second ; 
then- 

[46.] XQ = '5ii8834-x6-f $Xd. 

Strength of Materials. 

Tensile strength. — Let a equal area in square inches, w equal weight pro- 
ducing fracture, and a equal number in column 2 of annexed table ; then 

[47.] X w = X a -f A. 

Strength to resist Crushing. — Let a equal the area in square inches, w the 
weight producing fracture, and b numbers in column 3 of annexed table ; 
then when the height of piece is between once and 4^ times its diameter, 

[48.] X w =s x a + B. 

Strength of Columns*. — Let w equal the breaking weight in tons, d 
equal external, and d internal diameter, both in inches, I equal the length, 
and equal number in column 4 of annexed table ; then when the column 
is solid, with both ends rounded, and its length not less than 1 5 times its. 
diameter, 

[49J X w -* 3*6 X D — 17 X I + c. 

* Professor Hodgkinson's Formula. 
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When the column is hollow; then 

[50.] Xf = x (d™ — <P*) — 17x2 — '059243 + 0. 

When the column is solid both ends are flat, and the length i* not less 
than 30 times the diameter ; then 

[51.] x w -> 3-6 x d — 1-7 X I + -47*843 + a 

When the column is hollow ; then 

[52.] X w — X (d 8< — (**•) — 17 x I + -473217 + a 

Transverse strength of a rectangular bar. — Let b equal the breadth and ci 
the depth, both in inches, I equal the length, w the breaking weight, and i> 
the number in the fifth column of the annexed table ; then 

[53-] * w ** * ° + * * d — X / -f i>. 

Transverse strength of Professor Hodgkinsori* girder. — Let a equal area 
of bottom flange in inches, and d, w, and I have the same meaning as abore ; 
then 

[54.] XV— 3*685921 + X a + X d — XL 

Deflexion. — Let 3 equal the deflexion in inches with the weight w, and H 
equal the numbers in the sixth column of the annexed table ; then 

[55.] x*=3XJ + Xw— Xb — 3Xd-E. 



Material. 

Cast iron 
Wrought iron 
Steel . . . 
Elm . . . 
Oak . . . 
Fir . . . 



4**53338 
4770499 

5' "3943 

3-988559 
4*074816 

3977724 



B 



5032417 



3-108565 
3-586587 



1-173186 

1*414973 
1-574031 



0-209515 
0-068186 



D 



3-3106934 
3-3598364 

4 

2-528917 3 

*745*55 3 
2-567026 3 



629338 

761063 
8269x0 
'209515 
•527501 
■428713 



1 



The following collection of examples apply to the foregoing 
formulae, reference being made by the numbers in parentheses. 
Only a portion of the examples are worked out at length, but 
answers are given in every case. 

Examples. 

[1.] What would the interest at 4$ per cent upon £3653 for 7 years 
amount to 1 

Logarithm of 3653 — 3*562650 
„ 45 «o-65 32 13 

,, 7 =» 0*845098 

5*060961 

2 

3-060961 ■» Log of 1150*69. 



.*. Answer if £1150 141. 
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[z.] What would £364 put out at 6 per cent, compound interest yearly, 
amount to at the end of 23 yean? 

Log of ratio from table = 0*0253059 

*3 



0-5420357 
Logarithm of 364 = 2*561101 

3*103137 •« Log of 1268*05. 

.*. Answer if £1268 i«. 

[*.] What would £100 amount to at the end of 50 years, put out to 
annual compound interest at 5 per cent ? Ans. £1146 15*. 

[3.] The sides of a triangle are respectively 564, 373, and 746, what is 
its area] 

Log of d - \ (564+ 373 + 746) - 2*925312 
Log of (d y — a) = (842 — 564) — 2*444045 
Log of {d — b) - (842 — 373) - 2*671173 
Log of (d — c) =» (842 — 746) =* 1*982271 

2)10*022811 

5*011405 a Log of 1026*6:. 

Therefore the area required is 1026*61. 

[4.] What is the area of a square, the length of one side of which is 
56*24 feet? Ans. 3162*94. 

[5.] What is the area of a rectangle, the length of whose sides is 15*6 and 
16*2? Ans. 252*62. 

[6.] What is the area of a polygon of 12 sides, each of which is 5*06 feet 
in length 1 

90 » — 180 

-75 

Logarithm of I •— 5*06 » 0*704151 



1*408302 
Logarithmic tan of 75° = 0*571948 
Logarithm of * = 12 = 1*079181 

•397940 

3*45737! 
i* 



Logarithm of area » 2*457371 ■■ 286*663. 

[6.] What is the area of an octagonal room, each side of which is 5 feet 1 

Ans. 120*71. 
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[7, 8, and 9.] What if the circumference and area of a circle whoee)| 
diameter is 2172 feet? 

Logarithm of <Z =52172 = 1*336860 

•497150 

Logarithm of circumference = 1*834010 = 68*236. 

2 



3*668020 
0*900790 

4*568810 

2* 



Logarithm of area = 2*568810 = 370*52. 

[7, 8, and 9.] What is the diameter and circumference of a circle whose 
area ii 562 square feet? 

Ans. Circumference is 84*0376 feet, and diameter is 26*75 feet. 

[10.] What is the length of an arc of 7 3 of a circle, whose radius is 
3472 feet? Ans. 44*237 feet 

[11.] What is the area of a sector of a circle whose radius is 26 feet, and 
whose sides include an angle of 42 ? Ans. 247*58 feet. 

[12.] What is the area of a parabola whose abscissa is 5**J.2» and the cor- 
responding ordinate 4* 1 3 1 

Log of (2 yj = 2 x 4' 1 3 = 0*91 6980 
Logoff, = 5*32 =0*725912 

•823909 



2*466801 
i* 



1*466801 = 29*295 = area of parabola. 

[13.] In a parabola an ordinate measured 5*17, and its corresponding 
abscissa 8*95, what will be the length of the ordinate whose abscissa is 10 1 

1**^= 5' I 7 = °7i349 I 

2 



1*426982 
Log x % = 10*00 = I'oooooo 



2*426982 
Log 4*!= 8-9 5 *== 0*951823 

»)i*475i55 
Logarithm of y, •= 0737577 = 5*4648 = the ordinate required. 
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[14 and 15. What is the area and periphery of an ellipse whose conjugate 
leter is 27 and its transverse diameter is 49 \ 

Ans. Area is 1039*08 ; and periphery ie 119*38. 

[1 6.] In an ellipse whose two diameters are 51 and 38, what is the length 
>f the ordinate corresponding with an abscissa of 20 feet 1 

Since x x = 20, a* a = 5 1 — 20 = 31. 

Log x x = 20 = 1 '301030 
Log ar,= 31 = 1491367 

2)2792397 



1*396198 
Logc = 38=1*579784 

2*975982 
Log* =51 = 1707570 

Log y = 1*268412 = 18-55.3 ss the ordinate required. 

[17.] What is the cubic contents of a cylinder whose diameter is 2*75 
feet, and its height 6 feet? Ans. 35*637. 

[18.] What is the cubic content of a cone whose diameter is 3*5 feet, and 
its height 5*42 feet! Ans. 34764. 

[19 and 20.] What ia the spherical surface and the solidity of a sphere 
whose diameter is 5*734 feet? 

Ans. Surface is 16346 feet; solidity is 98*712 feet. 

[21 and 22.] What is the surface and solidity of a tetraedron, one of 
whose lineal edges is 7-31 feet, of an octaedron whose lineal edge is 3*17, 
and of a dodecaedron whose lineal edge is 5*69 1 

Ans. Tetraedron, surface is 146-69 feet ; solidity is 46*036 feet. 
Octaedron, surface is 34*81 feet; solidity is 15*005 feet. 
Dodecaedron, surface is 668*43 ^ eet > solidity is 141 17 feet. 

[23 and 24.] In a plane triangle two of its sides are 7*3 and 6*92, and the 
angle opposite the longer side is 74 39', what are the remaining angles and 
7-he length of the other side? 

Then by [23] 

Logarithmic sin of 74 39' = 9*984224 
Arithm. comp. of log of 7*3 = 9*136677 
Logarithm of . . . 6*92 = 0*840106 

19*961007 
io* 



Log sine of angle op. other side = 9*961007 = 66° 4' 56". 



Then, since the three angles of a triangle are equal to 180° we have 
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i8o° - (74° 39'+ 66° 4' 56") = 39° 16' 4" for the angle opposite tft* 
side yet to be found. 

Then by [24] 

Logarithm of 6*92 = 0*840106 

Arith. comp. of log tin of 66° 4' 56" = 0*038993 

Logarithmic sin of • 39 16 4 = 9*801366 

10*680465 

IO' 



Logarithm of aide required . . = 0*680465-= 4*791. 

Ans. The three sides are 4791, 6*92, and 7*3, and the three angles oppo- 
site to each respectively are 39* 16' 4", 66° 4' 56", and 74* 39'. 

[25 and 3.] Two sides of a triangular piece of ground measure 81*10 and 
105*75, and the angle included between them is 47 52', what is the length 
of the other side, and the area of the piece of ground) 

Log (105*75 — 8i*io) .....= 1*391817 
Arith. comp. of log (105*75 + 8i"i) . = 7*728507 
Logarithmic tan of •• . . . 66° 4' = 10*352778 

19*473102 
io* 



Log tan of half the difference of the angles 1 .,-, Ioa __ ,50 ,,' ,." 
opposite the given sides J" 9 473 33 4* 

Arith. comp. of log cos of 16 33' 14"= 0*018384 
Logarithmic cosine of . 66 4 o = 9*608177 
Logarithm of . . . (10575 + 81*1) = 2*271493 

11*898054 
io* 



Logarithm of third side .....= 1*898054= 79*08. Ans. 

Ans. And the area by [3] is 38355 square feet 

[26.] In a plane triangle whose sides are 27*3, 54*5, and 62, what are the 
angles opposite those sides respectively 1 

Arithmetical comp. of log of 62 . = 8*207608 
Log of ... . (27*3 + 54*5)= i'9 IZ 753 
Log of ... . (54*5- 2 7*3)= i*4345°9 

"'S54930 
io* 



^IVJfbT^.TH '55493°= 35-^. 

Therefore the larger segment is 31 + 1 7*943 = 4^'943« * n d the lesser 
segment is 31 — 17*943 = 13*057. 
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[ Then by [23] 

I Logarithmic sin of . 90°= 10*000000 

Arith. comp. of log of 54*5 = 8*263603 

Logarithm of . . 48*943 = x '689691 

19*953*94 
io* 

Log sine of angle opp. larger segment = 9*9 5 3294 = 63° 54' 4". 

Then 90 - 63 54' 4" = 26 5' 56" = angle opposite side which 
measures 27*3. Again, 

Logarithmic sine of . 90 = 10*000000 
Arith. comp. of log of 27*3 =s 8*563837 
Logarithm of . • 13-057= 1*115843 

19*679680 
io* 



Log sin of angle opp. lesser segment = 9-679680= 28 34" 23". 

Then9o° — 28 34' 23" = 6i° 25' 37" = the angle opposite the side 
which measures 54*5 ; and 28 34' 23" + 63 54' 4" = 92 28' 27" = 
the angle opposite the longest side. 

[27.] What is the length of the diagonal of a rectangle whose two sides 
are 34 and 532 ? Ans. 63*14. 

[28.] A house is 47 feet in height, at what distance must the base of a 
ladder 53 feet long be placed from the house in order that the top of the 
ladder may just meet that of the house) Ans. 24-5 feet. 

[30.] What is the vis viva of a railway train weighing 117 tons, and 
travelling at a rate of 33 miles per hour? Ans. 19,313,300,000. 

[31.] A body having been falling freely by the action of gravity for 7*5 
seconds, ; t is desired to know the space which it has fallen through. 

Ans. 915*37 feet 

[32 and 33.] A body tails under the influence of gravity from a height of 
427 feet, what time will it occupy and what will be its tinal velocity, neg- 
lecting the resistance of the air ? 

Ans. It will occupy 4*1866 seconds, and acquire a velocity of 165*995 
feet per second. 

[34.] What length of time will a pendulum 34*7 inches in length be in 
making one vibration) Ans. 0*9416 seconds. 

[35.] A body weighing 53 lbs. is whirled round in a circle whose radius 
is 15 feet, with a velocity of 12*7 feet per second, what is the strain upon 
the rope by which it is constrained to move in the circle? Ans. 17*703 lbs. 

[36.] What is the horizontal pressure at the crown of an arch whose 
radius of curvature is 147*52 feet, whose breadth is 35 feet, and the vertical 
weight en each square foot at the key-stone is 974 lbs. ? Ans. 5,028,950 lbs. 
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[37.] In an iron bridge having a span of 212 feet, with a rise of 22*5 
feet, the weight of half the arch is 998 tons, and the distance of its center of 
gravity from the springing is 43 feet, what is the horizontal thrust of the 
arch? Ans. 1907*3 tons. 

[38.] A retaining wall 37 feet in height supports a loose sandy soil, re- 
quired the pressure which every foot in length of it has to sustain % 

Ans. 21447 lbs. 

[38.] What is the pressure against a sluice 20 feet wide, and having a 
depth of 7 feet water against it? Ans. 30,012,360 lbs. 

[39 and 40.] What resistance would a board whose area is 14-7 square 
feet experience in being moved through the air with a velocity of 17 feet per 
second, and what would be the resistance in water 1 

Ans. In air, 72*221 lbs. ; in water, 4146*34 lbs. 

[42.] What quantity of water will be discharged by a pipe 18 inches in 
diameter, 5371 feet long, and under a head of 75 feet] 

Log of d = 18 = 1*2552725 

5 



6-2763625 
Log of A = 75 = 1*8750613 

1*3485000 

9*4999238 
Log (I -f 4*2d) =s 544°*6 = 373*«55 

2)57637983 

Log of quantity per minute = 2*8818991 = 761*9. 

Ans. 761*9. cubic feet per minute. 

[44.] What head will be required to force 350 cubic feet of water per 
minute through a pipe 15*5 inches in diameter, and 3640 feet long? 

Ans. 22*739 feet 

[45.] What is the velocity with which water will flow through a conduit, 
1 5 feet wide at the surface, 4 feet deep, with the sides sloped at 1 to 1, and 
the inclination of the surface of the water in which is 6 inches per mile ? 

Ans. 1*383 feet per second. 

[46.I What is the quantity of water flowing over a weir 127 feet long, 
when tne surface of the river is 6 inches above the top of the. weir] 

Ans. 145*93 cubic feet per second. 

[47.] What weights would be requisite to tear asunder rods 2 Inches 
square, of cast iron, wrought iron, oak, and fir? 

Ans. Cast iron, 71,680 lbs. ; wrought iron, 235,810 lbs.; oak, 
47,520 Ids.; fir, 3 8,000 lbs. 

[48.] What weight will be necessary to crush a block of cast iron 3 inches 
square! Ans. 969,750 lbs. 

[52.] What weight will be required to break a hollow colon* with flat 
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ends, the length of which is 37 feet, its external diameter 12 inches, and its 
internal diameter 10 inchest 

Log of D =3 L2 = 1*079181 

3*6 

3*8850516 = log of D M = 7674*6. 

Log ef d = 10 = 1*000000 

r« 

3-6000000 = log of d 3 *= 3981*1 

D»«— d 3 « = 3693'5 

Log (d 3 « — d*«) = 3693*5= 3*567438 

0= 1*173186 
0*473217 



5*213841 
Log I = 37 = 1*568202 X i*; = 2*6659434 

2*5478 98 = log of 353*1. 

Therefore the answer is 353*1 tons. 

[53.] A bar of cast iron 2 inches wide and 3 inches deep is laid upon sup- 
ports 6 feet apart, what weight applied in the center would break it f 

Ads. 61 35 lbs. 

[54.] What weight applied in the center will be required to break a girder 
of Professor Hodgkinaon's form of section, in which the area of the bottom 
flange is 26 square inches, the depth 15 inches, and the distance between the 
supports 23 feet ? Ana. 82,27310s. 

[55.] What deflexion will be produced in a bar of cast iron 2 inches 
wide, 3 inches in depth, and with* 6 feet bearing, by a weight of 2730 lbs. 
applied in the center) Ans. '256 inch. 
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APPENDIX. 

Table of the Logarithms of every Prime Number 

from g to 1000. 



Prime 
umber. 


Logarithm. 


Prime 
umber. 


Logarithm. 


Prime 
umber. 


Logarithm. 


Prime 
umber. 


Logarittxm. 


a 
2 




B 
191 




a 
439 




a 
709 




3010300 


2810334 


6424645 


8506462 j 


3 


4771213 


'93 


2855573 


443 


6464037 


719 


8567289 1 


5 


6989700 


197 


2944662 


449 


6522463 


727 


86l534-«- ] 


7 


8450980 


199 


2988531 


457 


6599162 


733 


8651040 1 


ii 


0413927 


211 


3242825 


461 


6637009 


739 


8686444. 1 


13 


"39434 


223 


3483049 


463 


6655810 


743 


8709888 1 


'7 


2304489 


227 


356C259 


467 


6693169 


75' 


8756399 1 


'9 


2787536 


229 


3598355 


479 


6803355 


757 


8790959 1 


*3 


3617278 


*33 


3673559 


487 


6875290 


761 


8813847 I 


29 


4623980 


2 39 


3783979 


491 


69 108 1 5 


769 


8859263 1 


3i 


4913617 


241 


3820170 


499 


6981005 


773 


8881795 1 


37 


5682017 


251 


399 6 737 


503 


7015680 


787 


8959747 1 


4» 


6127839 


257 


4099331 


509 


7067178 


797 


9014583 1 


43 


6334685 


263 


4199557 


521 


7168377 


809 


9079485 | 


47 


6720979 


269 


4297523 


5*3 


7185017 


811 


9090209 




53 


7242759 


271 


4329693 


54i 


733*973 


821 


9H343* 




59 


7708520 


277 


4424798 


547 


7379873 


823 


9153998 




61 


7853298 


281 


4487063 


557 


7458552 


827 


9175055 




67 


8260748 


283 


4517864 


5 6 3 


7505084 


829 


9185545 




7' 


8512583 


293 


'4668676 


569 


755"*3 


839 


9237620 




73 


8633229 


307 


4871384 


57' 


7566361 


853 


9309490 




79 


8976271 


3" 


4927604 


577 


76*1758 


857 


9329808 




83 


9190781 


313 


4955443 


587 


7686381 


859 


933993* 




89 


9493900 


3'7 


5010593 


593 


7730547 


863 


9360108 




97 


9867717 


33i 


5198280 


599 


7774268 


877 


9429996 




101 


0043214 


337 


5276299 


601 


7788745 


881 


94+9759 




103 


0128372 


347 


5403295 


607 


7831887 


883 


9459607 




107 


0293838 


349 


5428254 


613 


7874605 


887 


9479236 




109 


0374265 


353 


5477747 


617 


7902852 


9°7 


9576073 




113 


0530784 


359 


555°944 


619 


7916906 


911 


9595184 




127 


1038037 


3 6 7 


5646661 


631 


8000294 


919 


9 6 33'55 




131 


1172713 


373 


5717088 


641 


8068580 


929 


9680157 




'37 


1367206 


379 


5786392 


643 


80821 10 


937 


9717396 




139 


1430148 


383 


5831988 


647 


8109043 


941 


9735896 




149 


1731863 


389 


5899496 


653 


8149132 


947 


9763500 




'5i 


1789769 


397 


5987905 


659 


8188854 


953 


9790929 




157 


1958997 


401 


6031444 


661 


8202015 


967 


9854265 




163 


2121876 


409 


6117233 


673 


8280151 


971 


9872192 




167 


2227165 


419 


6222140 


677 


8305887 


977 


9898946 




173 


2380461 


421 


6242821 


683 


8344207 


983 


99*5535 




179 


2528530 


43i 


6 344773 


691 


8394780 


991 


9960737 




181 


2576786 


433 


6364879 


701 


8457 1 80 


997 


9986952 
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Prime numbers are those which are not divisible by any 
other number, or which cannot be resolved into factors ; thus 
£33 is a prime number, because it cannot be divided by any 
number without leaving a remainder, while 234 is not a prime 
ikuniber, it being divisible by 2 and other numbers. The 
logarithms of any number which is not a prime number may 
%e readily found by adding together the logarithms of the 
ieveral prime factors by the multiplication of which the num. 
%er is produced. Thus the number 234 is produced by the 
multiplication of 2, 3, 3 and 13 (all prime numbers,) and the 
1pgarithm8 of those numbers being taken from the table and 
added together, the sum will be the logarithm of 234. For 
example — 

Log of 2 = 0-3010300 

3 = 0-4771213 

3=6-4771213 

13 = 11139434 



.\ Log of 234 = 23692160 

Again, the number 578 is composed of the prime factors 
2, 17, and 17; then 

Log of 2=03010300 
17=1-2304489 
17 = 1*2304489 



.-.Log of 578 = 2-7619278 

In this manner we are enabled by the foregoing table to 
find the logarithm (true to at least 6 figures) of any number 
which may be given, whether prime or otherwise ; for if prime 
its logarithm will be found at once in the table, but if not 
prime its logarithm will then be found by taking the sum of 
the logarithms of its prime factors, as explained above. 
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Table by the aid of which the number answering to amy 
logarithm can be found to six places. 







I 


10 


100 


1000 


1 0000 


1 00000 1 


I 


ooooooo 


0413927 


043214 


0434i 


0434 


043 


04- I 


2 


3010300 


0791812 


086002 


08677 


0869 


087 


09 1 


3 


4771*13 

6020600 


"39434 


128372 


13009 


1303 


130 


13 1 


4 


146 1 280 


170333 


17337 


1737 


174 


17 1 


5 


6989700 


1 7609 1 3 


211893 


21661 


2171 


217 


2.2 1 


6 


7781513 


2041200 


253059 


25980 


2605 


261 


26 1 


7 


8450980 


2304489 


293838 


30295 


3039 


304 


go 1 


8 


9030900 


*55*7*5 


334238 


34605 


3473 


347 


35 1 


9 


9542425 


2787536 


374265 


38912 


39°7 


39 * 


39 1 



In the above table the arguments are natural "numbers, 
and the resultants their logarithms. The first figures of the 
arguments are found in the top horizontal line, and the final 
or unit's figure of the same in the extreme left-hand column; 
the logarithm is found at the place of intersection, that is, on 
the same line with the final figure, and in the same column as 
the other figures of the natural number. In the ^ve last 
columns only the final significant figures of the mantissa of 
the logarithms will be found in the table; as many cyphers 
must be added to the left of the figures given as are necessary 
to make up seven figures. Thus at the top of the fifth 
column we have 100, and on the fourth line we have 4, then 
the figures found at the place of intersection are 17887, to 
which adding two cyphers on the left hand to make up the 
seven figures, we have •0017337, which is the mantissa of 
the logarithm of 1004. 

The manner of using the table is as follows: — Having 
given a logarithm of which it is desired to know the corre- 
sponding number, look among the resultants in the table for 
the next less number to the mantissa of the given logarithm, 
and write down the natural number corresponding with the 
logarithm taken from the table, subtract this logarithm from 
the mantissa given, and again look among the resultants in 
the table for the next less number to the remainder, noting 
the number among the arguments answering to it; then sub- 
tract the resultant from the remainder, and look again for the 
next less resultant to this remainder, and thus proceed until 
the given logarithm has been exhausted, that is, until no re- 
mainder is left, each time noting the natural numbers cor- 
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responding to the logarithms taken from the table. These 
numbers being then multiplied together, the product will be 
the natural number corresponding to the logarithm originally 
given. These numbers have been so arranged that their 
multiplication may be very readily performed. 



Example. — Of what number is 33574202 the logarithm? 

= -3574202 

= -3010300 = log of 2 



Given logarithm . . 
Next less log in table 



1st remainder . . . 
Next less logarithm 



2nd remainder. . . 
Next less logarithm 



3rd remainder . 
Next less logarithm 



4 th remainder . . . 
Next less logarithm 

5th remainder .... 
Next less logarithm 

6th remainder .... 
Nearest logarithm . . 



= 563902 

= 413927= log of 11 



= 149975 

= 128372 = log of 103 



= 21603 

— 17337= log of 1004 



4266 

3907 = log of 10009 



359 

347 = log of 100008 



12 



13 = log of 1000003 



Then 2x11x103 = 2266, which has to be next multi- 
plied by 1004, or by 1000 and by 4, thus 

2266000 « 2266 x 1000 
9064 = 2266 x 4 



2275064 



This again has to be multiplied by 1 0009, 

22750640000 
20475576 



22771115576 



9 
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This has again to be multiplied by 100008, bat we need not 
retain more than 8 figures, and the remainder to the right 
may be cut off, and any figures in the multiplication, by 8 
which would fall under any of the figures so cut q$ may fo 
omitted ; to know how many figures thus to omit, point off as 
many figures from the right as there are figures before the 
number by which you are about to multiply, and perform the 
multiplication only upon the remaining figures, taking care, 
however, to carry to the multiplication of the first number 
whatever would have been carried from that of the last figure 
cut off. Thus, in the example, there being five figures before 
8, the number by which we are going to multiply, we point off 
the five right hand figures, and only multiply 227 by 8 ; we 
add in, however, 6 carried from the multiplication of the 7 
cut off. 

227,71115 
1822 



22,772937 
68 

22778005 



The last multiplication is by 1000003, and the answer is 
true to seven places, the real number being 2277*8. In the 
example above, as the figures to be multiplied by 100000$ are 
not affected by the addition of 1822, this need not have been 
performed until afterwards, as below. 

227,71115 

1838, 
68 



22773005 
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What is the number corresponding to the logarithm 
4-8551071? 



8551071 

8450980 = log of 7 



7 x 102 = 714000 

2142 



100091 
86002 = log of 102 

14089 

15009 = log of 1003 



1080 
869 = log of 10002 



211 

174 = log of 100004 

37 = log of 1000009 



71,6 4 l t 4200 
14323 



2865 
643 



71632031 



T?he number is 71682. 



What is the number whose logarithm is 2*6103833 ? 



6103833 

6020600 = log of 4 



83233 

43214 == log of 101 



40019 

38912 = log of 1009 



1107 
869 = log of 10002 

238 

217= log of 100005 

21 = log of 1000005 



101 
4 



404000 
3636 



40 t 7 t 6 4 3600 



8153 

2038 

204 



40773995 



The answer is 40774. 
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What is the number whose logarithm is 3*7797587? 

7797587 1003 

7781518= log of 6 6 



16074 60 t 18 0000 
1 8009 = log of 1 003 42126 
361 

3065 



8089 = log of 10007 60222487 

26 = log of 1 000006 

The number required is 6022*248. 



